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REPRESENTATIONS OF Gal(Q p /Q p ) AND A FUNCTIONAL 
EQUATION OF KATO’S EULER SYSTEM. 
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I 


Abstract. In this article, we prove (many parts of) the rank two case of the 
Kato’s local e-conjecture using the Colmez’s p-adic local Langlands correspon¬ 
dence for GL 2 (Q P ). We show that a Colmez’s pairing defined in his study of 
locally algebraic vectors gives us the conjectural e-isomorphisms for (almost) all 
the families of p-adic representations of Gal(Q p /Q p ) of rank two, which satisfy 
the desired interpolation property for the de Rharn and trianguline case. For the 
de Rham and non-trianguline case, we also show this interpolation property for 
the “critical” range of Hodge-Tate weights using the Emerton’s theorem on the 
compatibility of classical and p-adic local Langlands correspondence. As an ap¬ 
plication, we prove that the Kato’s Euler system associated to any Hecke eigen 
new form satisfies a functional equation which has the same form as predicted 
by the Kato’s global e-conjecture. 
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1. Introduction. 


By the ground breaking work of Colmez [ColObj and many other important 
works by Berger, Brenil, Dospinescu, Kisin and Paskunas, the p-adic local Lang- 
lands correspondence for GL 2 (Q P ) is now a theorem ([ Pal3 j. ( 1 1)P1 1 bl ). This 
gives us a correspondence between absolutely irreducible two dimensional p-adic 
representations of Gal(Q p /Q p ) and absolutely irreducible unitary Banach admissi¬ 
ble non-ordinary representations of GL 2 (Q p ) via the so called the Montreal functor. 
An important feature of this functor is that it also gives us a correspondence be¬ 
tween representations with torsion coefficients. From this property, the Colmez’s 
theory is expected to have many applications to problems in number theory con¬ 
cerning the relationship between the p-adic variations of the Galois side and those 
of the automorphic side. For example, Emerton [ Em ] and Kisin |Ki09j indepen¬ 
dently applied his theory to the Fontaine-Mazur conjecture on the modularity of 
two dimensional geometric p-adic representation of Gal(Q/Q). 

In the present article, we give another application to the rank two case of a 
series of Kato’s conjectures in [Ka93a], | IKa93bj on the p-adic interpolations of 
special values of L-functions and local (L-and e-) constants. There are two main 
theorems in the article, the first one concerns with the p-adic local e-conjecture, 
where the Colmez’s theory crucially enters in, and the second concerns with the 
global e-conjecture, which we roughly explain now (see §2.1, §3.1, §4.1 for more 
details). In this introduction, we assume p ^ 2 (for simplicity), fix an isomorphism 
i : C —> Q p , and set := (i(exp(^P))„^ 1 E Z*( 1) := r(Q p ,Z*(l)) for each prime 
I Set r := Gal(Q(C p oo)/Q) 4 Gal(Q p (C p ~)/Q p ). 

Fix a prime /. Let R be a commutative noetherian semi-local Z p -algebra such 
that A/Jac(A) is a finite ring with a p-power order, or a finite extension of Q p . To 
any R- represent at ion T of Gq ( , one can functorially attach a (graded) invertible 
R- module A r(T) using the determinant of the perfect complex G* ont (GQ ( , T) of 
continuous cochains of with values in T. For a pair (R , T) = (L, V) such 
that L is a finite extension of Q p and V is any (resp. de Rham)L-representation 
of Gq; when l ^ p (resp. I = p), one can define a representation W(V) of the 
Weil-Dcligne group Wq, of Q; by the Grothendieck local monodromy theorem 
(resp. the p-adic monodromy theorem) when l ^ p (resp. I = p). Using the local 
(L-and £-) constants associated to W(V) (and the Bloch-Kato fundamental exact 
sequence when l = p), one can define a canonical L-linear isomorphism which we 
call the de Rham e-isomorphism 

e^ (0 (U):l L ^A L (U), 

where, for any R, 1/? := (R, 0) is the trivial graded invertible A-module of degree 
zero. The Z-adic local e-conjecture [Ka93bl| predicts the existence of a canonical 
isomorphism 

: ^r(T) 
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for any pair (R, T) as above which interpolates the de Rham e-isomorphisms (see 
Conjecture 12.11 for the precise formulation). The l p case of this conjecture has 
been already proved by Yasuda [Ya09| . The first main theorem of the present ar¬ 
ticle concerns with the rank two case of the p-adic local e-conjecture (see Theorem 
I3TT1 for more details). 

Theorem 1.1. Assume l = p. For (almost) all the pairs ( R , T) as above such that 
T are of rank one or two, one can canonically define R-linear isomorphisms 

£ r,C(p'>(T) : 1 R Ar(T) 

which are compatible with base changes, exact sequences and the Tate duality, and 
satisfy the following: for any pair (. L , V ) such that V is de Rham of rank one or 
two, 

(i) if V is trianguline, then we have 

£lM v ) = 4Y(n 

(ii) ifV is non-trianguline with distinct Hodge-Tate weights {0,/c} for k Y 1, 
then we have 

)(i)) = 4^ w (C(-r)(i)) 

for any pair (r, 5) such that 0 A r A k — 1 and 5 : T —>■ Q* is a homomor¬ 
phism with finite image. 

Remark 1.2. For l = p. this conjecture is much more difficult than that for l p. 
and has been proved only in some special cases before the present article. For the 
rank one case, it is proved by Kato [Ka93bj (see also [ Vel3j ). For the cyclotomic 
deformation (or a more general twists of) crystalline representations, it is proved by 
Benois-Berger BBOS and Loeffler-Venjakob-Zerbes [ LVZ13j . For the trianguline 
case, it is proved by the author [Nal4b] , more precisely, where we generalized the 
conjecture for rigid analytic families of (p, r)-modules over the Robba ring, and 
proved the generalized version of the conjecture for trianguline case which includes 
all the known cases (except the integrality of the local e- isomorphisms). Hence, 
the condition (ii) of the theorem above seems to be an essentially new result in 
the literatures on the local e-conjecture. 

We next explain the second main result of the article. Let S' be a finite set of 
primes containing p. Let Qs be the maximal Galois extension of Q which is unram¬ 
ified outside S U { 00 }, and set Gq,s ■— Gal(Qs/Q). For an /^-representation T of 
Gq t s, one can also define a graded invertible R-module A r(T) using C* ont (GQ : s, T). 
Set A r (T) := A/ ? (T| G(J ) for each l e S. The generalized Iwasawa main conjecture 
[Ka93a] predicts the existence of the canonical isomorphism 

4(T) : lR * AS(T) 
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for any pair (R, T) as above which interpolates the special values of the L- functions 
of the motives over Q with good reduction outside S (see Conjecture 14.11 and 
the references there for the precise formulation). Ser T* := Hom^T, -R)(l) be 
the Tate dual of T. By the Poitou-Tate duality, one has a canonical isomor¬ 
phism A s r (T*) -A ^ teS A R (T) IE A r(T). Then, the global e-conjecture [Ka93b] 
asserts that one has the equality 4(T*) = (T| Gq; ) B z s r (T), where 

£r£(i)(T\g q ) : lj? —> A r (T) is the local e-isomorphism defined by [ Ya09 ] for 
l 7 ^ p and the conjectural e-isomorphism for / = p. Set A R (T) := i?[[T]], and 
define an R [[T]]-representation Dfm(T) := T ®r A r (T) on which Gq^s acts by 
g(x® A) := g(x) <g) [g]~ l ■ A. We set A^L*(T) := A^ fl ^(Dfm(T)) for * — S, (l), and 

set (conjecturally) 4 ’ IW ( T ) := 4 fl (r)( Dfm ( T ))> £ r, c m( T ) : = 4 i(r),c(o( Dfm ( T ))- 
Define an involution t : A^(T) Ar(T) : [ 7 ] h->- [y]^ 1 , and denote M L for the base 
change by 1 for any A/j(T)-modulc M. Then, one has a canonical isomorphism 
Ak”(r - )‘ 4 A7 (r) ((Dftn (Tjn 

The second main theorem concerns with the global e-conjecture for Dfm(Tj) 
for Hecke eigen new forms /. Let N,k G Z^. Let /(r) := X^n>i a "(/) ( 7 ri e 
S , / c _|_i(Ti(A)) new be a normalized Hecke eigen new form of level N and of weight 
k + 1. Set /*(t) := 'ffi Jn > l a n(f)<f L w here (—) is the complex conjugation, then 
/*(r) is also a Hecke eigen new form in S'/ c _|_i(Ti(A)) new by the theory of new form. 

Set S := {Z|IV} U {p}, and L : = Q P ({t(a n (/))}^i)- For /„ = /,/*, let T /o be the 
(Pi-representation of of rank two associated to f 0 defined by Deligne |De69] . 

In [Ka04j . Kato defined an Euler system associated to f 0 which interpolates the 
critical values of the twisted L-functions associated to /q. Set <5(Ao £ (T)) the 
total fraction ring of Aq l (T). As a consequence of Kato’s theorem proved in §12 
of [ Ka04] . we define in §4.2 a canonical <5(Ao t (r))-linear isomorphism 

4 W /P} 0 (r)) : l 0 ( A Ol (r)) 4 Ag w (T /o (r)) ® A „ (r , Q(A Cl (r)) 

for any r G Z, which should be the base change to Q(A c » i (r)) of the conjectural 
zeta isomorphism z^j w (Tf 0 (r)) : lA 0 i (r) —> A 1 ^ (Tf 0 (r)). We remark that one 
has a canonical isomorphism Xy*(1)[1/p] Tf(k)[l/p\ and one has a canonical 
isomorphism A^’ s (T/.(l)) t A* A^ L( - r )((Dfm(T/(A:)))*). The second main the¬ 
orem of the present article concerns with the global e-conjecture for the pair 
(A 0 i (T), Dfm(T/ 0 (r))(see Theorem 14.511 . 

Theorem 1.3. AssumeV Tf[l/p]\a Qp is absolutely irreducible and D cris (H(—'r)(5)) v=1 

= 0 for any 0 A r A k — 1 and 5 : T —> Q* with finite image. Then one has the 
following equality 

2 SfP>.(l))‘ = EM ® idg (Aot(r)) ) H T%f(T,(k)) 
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under the base change to Q(Ao L (r)) of the canonical isomorphism 
Ao/(T,,(l))‘ ^ m lES A<§ L (T,(k)) H A Sf(Tf(k)) 
defined by the Poitou-Tate duality, where the isomorphism 

£ S>( T /W) ■■ 1a 0l(v> A 

is the local e-isomorphism for the pair (Ao L (r), Dfm(T/ (k))\ g q ) defined by [Ya09] 
for l 7 ^ p, by Theorem \l . 1\ for l = p. 

The cases for which the assumptions do not hold correspond to the ordinary 
case or the exceptional zero case, which we will treat in the next article [NY], 

The following conjecture is a part of the generalized Iwasawa main conjecture 
for the pair (Ao L (T), Dfm(T/ 0 (r)). 

Conjecture 1.4. For any r G Z, the isomorphism (T f 0 (r)) uniquely descends 

to a Ao L (T)-linear isomorphism 

4 W /(^/o(r)) : U 0i(r) 4 Agf (T /0 (r)), 
i.e. one has %/( T /o( r )) = %/( T /o(' r )) ® id Q (A 0i (r))- 

We remark that the uniqueness in the conjecture is trivial since the natural map 
Ae> L (T) —> Q(Ao l (T)) is injective, and, if the conjecture is true for an r G Z, then 
it is true for all r G Z. As an immediate corollary of the theorem, we obtain the 
following. 

Corollary 1.5. The conjecture 11.41 is true for f if and only if it is true for f*. 

Now, we briefly describe the contents of different sections. In §2, §3, we study 
the p-adic local e-conjecture. We first remark that many results in these sections 
heavily depend on many deep results in the theory of the p-adic local Langlands 
correspondence for GL 2 (Q P ) ( | iColOaf .[ ColOb j. [Pol 1] . [ Em] ). In particular, our 
local e-isomorphism defined in Theorem 1 1.11 is nothing else but the Colmez’s pairing 
defined in VI .6 of [ ColOb j. Our contribution is (to find the relation between 
the Colmez’s pairing and the local e-isomorphism and) to show that this pairing 
satisfies the interpolation property (i.e. the condition (i), (ii) in the theorem). 
Section 2 is mainly for preliminaries. In §2.1, we first recall the l- adic and the p- 
adic local e-conjecture. In §2.2, we recall the theory of (<p, T)-modulcs and restate 
the p-adic local e-conjecture in terms of (<p, T)-modnles. In §2.3, we propose a 
conjecture (Conjecture 12. 10(1 on a conjectural definition of the local e-isomorphism 
for any (<p, T)-modules of any rank using the Colmez’s convolution pairing defined 
in [ColOaj . Section 3 is devoted to the proof of Theorem 11.11 in particular, we 
prove Conjecture 12. 101 for the rank two case. In §3.1, we state the main theorem. In 
§3.2, we define our local e-isomorphism using the Colmez’s pairing defined in VI .6 
of [ColObj . and prove Conjecture 12.101 for the rank two case, which is essentially a 
consequence of the GL 2 (Q p )-compatibility (a notion defined in §111 of [ CD 14] ) of 
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the (<p, r) -modules of rank two. The subsections §3.3 and §3.4 are the technical 
hearts of this article, where we show that our ^-isomorphisms satisfy the conditions 
(i) and (ii) in Conjecture 11.11 In §3.3, we show the interpolation property for the 
trianguline case (i.e. the condition (i) in the theorem) by comparing the local 
£-isomorphism defined in §3.2 with that defined in our previous work [ Nal4bj . 
where we use a result of Dospinescu [DRTT] on the explicit description of the 

action of w := ^ ^ £ GL 2 (Q P ) on the locally analytic vectors (see Theorem 

I3.10p . In §3.4, we show the interpolation property for the non-trianguline case (i.e. 
the condition (ii) in the theorem). For an absolutely irreducible (<p, T)-module 
D of rank two such that V(D) is de Rham with distinct Hodge-Tate weights 
{0, k} (k ^ 1), using the Colmez’s theory of Kirillov model of locally algebraic 
vectors in VI of |Col0bj . we prove two explicit formulas formulas (Proposition 
13.171 Proposition 13. 19jl which respectively (essentially) describe £l(K(— r)(5)) and 
e^ R (V(—r)(5)) for any pair (r,S) such that 0 ^ r ^ k — 1 and 5 : T —» L x with 
hnite image. As a corollary of these formula, we prove a result (Corollary I3.2ip 
which enables us to characterize an element in the Iwasawa cohomology by the 
dual exponential maps. This corollary is a crucial in the proof of Theorem 11.31 
Finally, using the Emerton’s theorem [Em ] on the compatibility of the p-adic and 
the classical local Langlands correspondence and the classical explicit formula of 
the action of w on the (classical) Kirillov model, we prove the condition (ii) in 
Theorem II. II for the non-trianguline case. 

The final section §4 is devoted to the proof of Theorem 1 1.31 In §4.1, we (roughly) 
recall the generalized Iwasawa main conjecture and the global £-conjecture. In §4.2, 
we (re-)state our second main theorem (Theorem 14.5p and define our (candidate of) 
zeta isomorphism Fq' ( Tf(r )) using the (p-th layer of) Kato’s Euler system [Ka04j 
associated to /. In the final subsection §4.3, we prove Theorem II.31 (Theorem 1475]) . 
where we reduce the theorem to the classical functional equation of the (twisted) L- 
function of / using the Kato’s explicit reciprocity law, Theorem 11.11 and Corollary 

E2U 

Notation 1.6. For a field F, set Gp '■= Gal(F sep /F) the absolute Galois group of 
F. For each m £ Z^ 0 , set p m (F) the group of the m-th roots of unity in F. For 
each prime p, set T(F, Z p (l)) := lim ^ p v n{F). For F = Q p , let Wq p C Gq p be 

the Weil group of Q p , I p C W<q p be the inertia subgroup. Let recQ p : Q p 
be the reciprocity map of the local class held theory normalized so that recQ p (p) 
is a lift of the geometric Frobenius Fr p £ Gp p . Set F := Gal(Q(p p <x>)/Q) A, 
Gal(Qp(p p oo)/Q p ), and let x '■ F be the p-adic cyclotomic character which 

we also see as a character of Gq p . Set Hq p := Ker(y) C Gq p . For each b £ 
Z p , dehne cr& £ T such that xi^b) = b. For a perfect held k of characteristic 
p, we denote W(k) for the ring of Witt vectors, on which the lift ip of the p- 
th power Frobenius on k acts. Let [—]:&—>• W(k) be the Teichmiilcer lift. 
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Set E + := lirn ^Oc p /p where the projective limit with respect to p-th power 

map, E := Frac(E + ), A+ := VF(E+), A := W{ E), B+ := A+[l/p] and B := 
A [1/p]. Let 9 : A + —* Oc p be the continuous Z p -algebra homomorphism dehned 
by 9{[(x n ) n ^ o]) := lim n ^. 00 ^ n for any (x n ) n ^ 0 G E + , where x n G (D Cp is a lift of 
x n G O c Jp. Set B/ r := hm^ >i A + [l/p]/Ker(#) n [l/p], For each Z p -basis ( = 

(Cp")n^o e r(Q p ,Zp(l)), dehne t ( := log([(C P «)n^o]) G B+ R , which is a uniformizer 
of Bj[ R . Set B dR := Bjpjl/t^]. For a commutative ring R , we denote by D - (i?) 
the derived category of bounded below complex of R- modules, by D per f (P) the full 
subcategory of perfect complexes of P-modules. We denote by Pf g (P) the category 
of hnite projective P-modules. For any P G Pf g (P), we denote by rp its P-rank, 
by P v := Horn r (P,R) its dual. For P \, P 2 G Pf g (P) and (,) : P\ x P 2 —>• R a 
perfect pairing of P-modules, we always identify P 2 with P x v by the isomorphism 
P -2 Pi : x i-> [y ^ (y,x)]. 

2. Preliminaries and conjectures 

In this section, we first recall the (7-adic and the p-adic) local e-conjecture. Then, 
after reviewing the (Iwasawa) cohomology theory of (<p, T)-modules, we formulate 
a conjecture on a conjectural definition of the p-adic local e-isomorphism using (a 
multivariable version of) the Colmez’s convolution pairing. 

2.1. Review of the local e-conjecture. In this subsection, we quickly recall 
the local e-conjecture. See the original articles [Ka93b] , I FKOG (the latter one 
includes the non-commutative version) or [Nal4bj for more details. 

The local e-conjecture is formulated using the theory of the determinant functor, 
for which we use the Knudsen-Mumford’s one [KM76j . which we briefly recall here 
(see also §3.1 of |Nal4b| ). 

Let R be a commutative ring. We dehne a category Vr, whose objects are 
the pairs (L,r) where L is an invertible P-module and r : Spec(P) —y Z is a lo¬ 
cally constant function, whose morphisms are dehned by Mor-p H ((L, r), (M, s)) : = 
Isom R (L, M) if r = s, or empty otherwise. We call the objects of this category 
graded invertible P-modules. For (L,r),(M,s), dehne its product by (L,r) IE 
(M, s) := (L ®r M, r + s) with the natural associativity constraint and the com¬ 
mutativity constraint (L,r) IEI ( M,s ) —> (. M,s ) IE (L,r) : l < 8 ) m i —> (—1 ) rs m ® l. 
We always identify (L, r) E (M, s ) = (M, s) E (L, r ) by this constraint isomor¬ 
phism. The unit object for the product is 1 R := (P, 0). For each ( L,r ), we set 
(L,r ) _1 := (L v , — r), which is the inverse of (L,r) by the isomorphism i<L,r) '■ 
(L, r ) E (L v , —r) A- 1 r induced by the evaluation map L ®r L v 4 P : x ® / G 
f(x). For a ring homomorphism / : P — y P', one has a base change functor 
(—) Eft P' : Vr —> Vr/ dehned by (L, r) ha (L, r) ® R R' := (L E R P', r o /*) where 
f* : Spec(P') -A Spec(P). For a category C, denote by (C, is) the category such 
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that the objects are the same as C and the morphisms are all the isomorphisms in 
C. Define a functor 

Det# : (Pfg(-R), is) ->• Vr : P (det#P, r P ) 

where we set det#P := A T rP. Note that Det#(0) = 1# is the unit object. For 
a short exact sequence 0 —> Pi —> P 2 > P 3 ► 0 in Pf g (/?,), we always identify 
Det#(Pi) KIDet#(P 3 ) with Det#(P 2 ) by the following functorial isomorphism (put 
n ■= r Pi) 

(1) Deti?(Pi) M Det#(P 3 ) 4 Det#(P 2 ) 
induced by 

(aq A • • • A x ri ) <g) (x ri+ i A • • • A x j^) t->- aq A • • • A x ri A x ri+ \ A • • • A x r2 

where aq, • • • ,x ri (resp. aq 1 + i, ■ • • , ay^) are local sections of Pi (resp. P 3 ) and 
Xi E P2 (i = r i + 1, • — ,r 2 ) is a lift of xi G P 3 . For a bounded complex P* in 
P fg (P), dehne Det#(P*) G V R by 

Det#(P’) := ^ eZ Det R (P*) ( - 1)i . 

By the result of [}KM76] . Det# naturally extends to a functor 

Det# : (Dp er f(P), is) — Y Vr 

such that the isomorphism ([I]) extends to the following situation: for any exact 
sequence 0 —> P* —> P* —> P* —> 0 of bounded below complexes of P-modules 
such that each P* is a perfect complex, then there exists a canonical isomorphism 

Det#(P*) B Det#(P 3 *) 4 Det#(P'). 

If P* G D perf (P) satishes that H'^P*)^] G D perf (P) for any i, there exists a 
canonical isomorphism 

Det#(P*) 4 ^ eZ Det#(ff(P*)[ 0 ])D 1 )\ 

For (L, r) G Vr , define (L, r) v := (L v , r ) G P#, which induces an anti-equivalence 
(—) v : Vr —>■ Vr. For P G Pf g (P) and an P-basis {ei, • ■ • ,e rp }, we denote 
by {e 3 , • • • , e)( } its dual basis of P v . Then one has a canonical isomorphism 
Det#(P v ) —>■ Det#(P) v defined by the isomorphism 

det#(P v ) —> (det#P) v : A • • • A e^ p i-> (d A • • • A e Tp ) v . 

This isomorphism naturally extends to (D per f(P), is), i.e. for any P* G D per f(P), 
there exists a canonical isomorphism 

( 2 ) Det#(RHom#(P*, R)) 4 Det#(P*) v - 

Now, we start to recall the local e-conjecture. Fix a prime p. From now on 
until the end of the article, we use the notation R to represent a commutative 
topological Zp-algebra satisfying one of the following conditions (i) or (ii). 






(i) R is a Jac(i?)-adically complete noetherian semi-local ring such that R/ Jac(i?) 
is a finite ring (equipped with the Jac(i2)-adic topology), where Jac(-R) is 
the Jacobson radical of R , 

(ii) R is a finite extension of Q p (equipped with the p-adic topology). 

We note that a ring R (satisfying (i) or (ii)) satisfies (i) if and only if p ^ R x . We 
use the notation L instead of R if we consider only the case (ii). 

In this article, we mainly treat representations (of Gq p or GL 2 (Q p ), etc.) defined 
over such a ring R. Let G be a topological group. We say that T is an R- 
representation of G if T is a finite projective /?-module with a continuous /?.-] inear 
G-action. For a continuous homomorphism 5 : G —> R x , we set R(S) := Res the R- 
representation of rank one with a fixed basis e <5 on which G acts by g(es) := S(g)es. 
We always identify i?(J -1 ) with the i?-dual R(S) W by ^(W 1 ) R(S) W : e 5 -i i-> e^, 
and identify R(5i)®rR(5 2 ) —> R(SyS 2 ) by for any Si, S 2 : G —> R x . 

We set T(S) := T R( 8 ). For an R -representation T of G, we set T(5) := 

T R(S) and denote by C* ont (G, T) the complex of continuous cochains of G 
with values in T, i.e. defined by C* ont (G, T) := {c : G XI —» T : continuous maps } 
for each i ^ 0 with the usual boundary map. We also regard C* ont (G,T) as an 
object of D~(R). 

Now, we fix another prime l (we don’t assume l ^ p). Let T be an R- 
representation of Gq r We set H*(Q/,T) := H*(C* ont (GQ p T)). For each r G Z, 
we set T{r) := T r(Q i , Z p (l)) <g>r . We denote by T* := T v (l) the Tate dual 
of T. By the classical theory of the Galois cohomology of local fields, it is known 
that one has C* ont (G(Q p T) e D perf (/?). Using the determinant functor, we define 
the following graded invertible module 

A rAT) := Det s (C c * ont (G Q „T)), 

which is of degree —r R (resp. of degree 0 ) when l = p (resp. when l ^ p) by the 
Eulcr-Poincare formula. 

For a e R x (a £ (D£ if R = L), we set 

Ra ■■= {x £ W(¥ p )®i v R\((p ® idi?) (x) = (1 ® a) ■ x}, 

which is an invertible i?-module. For T as above, we freely regard det^T as a 
continuous homomorphism det^T : Gq) —> R x . Define a constant 

ai(T) := det jR T(rec Qj (p)) £ R x , 

and define another graded invertible module 


A r , 2 (T) 


(R ai (T), o) (i^p) 

(det r T R ap {T ), r T ) (l = p) ■ 


Finally, we set 

A r (T) :=A Ri1 (T)®A Ri2 (T) 

which we call the local fundamental line. 
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The local fundamental line is compatible with the f un ctor nil operations, i.e. for 
any R —> R', one has a canonical isomorphism 

A r (T) ® r R'^A r ,(T® r R'), 

for any exact sequence 0 —> Tj —> To —* T 3 —>■ 0 of R- representations of Gq p one 
has a canonical isomorphism 

A r (T 2 ) 4 AflCTOEAflCTa), 


and one has the following canonical isomorphism 

a R (r*r 


A r (T) 4 


A*(T*) v B(L(r r ),0) 


(l 7 ^P) 

( l=P ) 


dehned as the product of the following two isomorphisms 


Ar^T) ^ Ar^T*) 


V 


which is induced by the Tate duality C^^Gq^T) A> RHom^(C* ont (GQ i , T*), R), 
and 


A R, 2 (T*y (i± P ) 

A R:2 (T*y®(L(r T ),0) (l = p ) 


which is dehned by x t->- [y y x <g) y\ for x G _R a ,(T),2/ G Ra t (T*) when l ^ p , 
by r ® t/ h)• [z (g) w I—>■ y <g) w] <g) z(:r) for x G det^T, y G R ap (T), z £ det^(T*) = 
(det^T) v (r r ), w G R ap (T*) when l = p (remark that one has R ai (T) ®r R ai {T*) = R 
since one has cq(T) • a;(T*) = 1 for any /). 

The local e-conjecture concerns with the existence of a compatible family of 
trivializations £r^(T) : 1 /j —> A r(T), which we call the local e-isomorphisms, for 
all the pairs ( R,T ) as above which interpolate the trivializations £ c f^{V) : 1 r 
A l(V), which we call the de Rham e-isomorphisms, for all the pairs (L,V) = 
(_R,T) such that V is de Rham (resp. any) if l = p (resp. if Z j- p), whose 
definition we briefly recall now. 

We first recall the e-constants dehned for the representations of the Weil-Deligne 
group Wq, of Q;. Let K be a held of characteristic zero which contains all the 
/-power roots of unity. For a Z/-basis ( = {0™}n^o er(A-,Z,(l)):=|im «.,(*). 

define an additive character 


0C : Q K x by 0f(^) = Ci» 

for any n A 0. By the theory of local constants [De73] . one can attach a constant 


e(p, -0, dx) G K x 


to any smooth K -representation p = (M, p ) of ITq, (i.e. M is a hnite dimensional 
K -vector space with a K -linear smooth action p of Wq t ), which depends on the 
choices of an additive character -0 : Q* —>■ K x and a (/T-valued) Haar measure 
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dx on Q i- In this article, we consider this constant only for the pair )^,dx ) such 
that dx = 1 , which we denote by 

£(P, 0 := e(p,il>c,dx) 

for simplicity. For a K -representation M = (M, p, IV) of the Wcil-Dcligne group 
'Wq, (i.e. p := ( M,p ) is a smooth Jl-representation of Wq, with a id-linear 
endomorphism N : M —)■ M such that Fr; o N = l • IV o Fr/ for any lift Ft; G I / Fq ( 
of the geometric Frobenius Fr; G GpJ, its e-constant is defined by 

e(M, C) := e(p,C) ■ det A -(-Fr i |M / V(M Af=o ) / 0. 

Now we recall the dehnition of de Rham e-isomorphism e^( V ) : 1l —> A l(V) 
for any (resp. de Rham) L- represent at ion V of Gq, when l ^ p (resp. I — p). Fix 
a Z;-basis ( = {0™}n^o G r(Q p , Z;(l)). By the Grothendieck’s local monodromy 
theorem (resp. the p-aclic local monodromy theorem and the Fontaine’s functor 
D P st(—)) when l ^ p (resp. I = p), one can functorially dehne an L-representation 

W(V) = (W(V),p,N) 

of , I / Fq ( . Set Loo '■= L^QpQp^pioo), and decompose it L 00 = J| T L T into the product 
of helds L t . Then, we dehne a constant 

e L (W(V),C)eL^ 

as the product of the e-constants e(W(y) T , ( T ) € L * of W(V) T := W(V) ®l L t 
for all r, where ( T G r(L T ,Z;(l)) is the image of ( in L r . Set 

Dst(R) := fU(U) /; ,D cris (U) := D st (R ) JV=0 

on which the Frobenius <p; := Fr; naturally acts. Remark that one has D cris (U) = 
V 1 ’ if l ^ p. Set 

Dda(C) := (B dE ® Q y) 0 «.,Di R (r) - (fB+ R ® Q y) G « r and t v := D dR (^)/D° R (V) 

(resp. D dR (U) = Dj R (U) = ty ■= 0) when / = p (resp. I ^ p). 

Using these preliminaries, we first dehne an isomorphism 

0 L {V) : 1 L 4 A Lj1 (U) IE Det L (D dR (U)) 

which is naturally induced by the following exact sequence of L-vector spaces 

(3) 0 -G H°(Q;, V) -)• D cris (U) D cris (U) 0 t v ^ R l (Q h V) 

^ D cris (U*) v © D° R (U) ^ D cris (U*) v —>■ H 2 (Q;, V) 0, 

where the map (a) is the sum of 1 — ipi : D cris (U) —> D cris (U) and the canonical 
map D cris (U) —> ty, and the maps (b) and (c) are defined by using the Bloch- 
Kato’s exponential and its dual when l = p, and the map (d) is the dual of (a) for 
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V* (see [Ka93b ]. [ FK06J and |Nal4b] for the precise definition). Define a constant 
l'/.(V) G Q x by 


r L (V) := 


{i +v) 

n re zr*(r)-^- PD “W (l=p): 


where we set 


J ( r “ !)■ (rAl) 

r(r):= M (rSO). 

We next define an isomorphism 

6(IR,l(Vi C) : Det R (D dR (C)) — > A L2 (V) 
which is induced by the isomorphism 

det L D dR (C) = L ^ L ai{y) : x i-G e L (W(V), () -x 

when l ^ p (remark that one has El(W(V), Q G L ai (y) when l ^ p), by the inverse 
of the isomorphism 

L a , v (T) ®l det^D —» det R D dR (f/)(C B dR det^D) : x t->- — tttttt — —— • ~r~ ■ x 


e L (W{V), C) t* v 


when l = p, where we set Hm '■= Srez r ' dim L gr r D dR (C). Finally, we define the 
de Rham e-isomorphism 

ef c (R) : 1 L 4 A l (V) 

as the following composites 


ef c (R) : 1 L r . L . (V) ^\ A LA (V)t%Det L (D dR (V)) 

idm dR:L (v,o 


>A L>1 (V)BA Li2 (V)=A L (V). 

The local e-conjecture (Conjecture 1.8 [Ka93b] . Conjecture 3.4.3 [ FK06] , and 
Conjecture 3.8 |Nal4b| ) is the following, which is now a theorem when l ^ p by 
[YaCT9] . 


Conjecture 2.1. Fix a prime l. Then, there exists a unique compatible family of 
isomorphisms 

£r,c(T) : 1 r A r (T) 

for all the triples {R,T,Q such that T is an R-representation of Gq 1 and ( is a 
Zi-basis o/r(Q p ,Z I (l)), which satisfies the following properties. 

(1) For any continuous Z p -algebra homomorphism R —y R', one has 

£ r,c(T) ® i c W = £ r',c(T R') 

under the canonical isomorphism 

A r (T) ® r R' A r >(T (g) R R'). 
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(2) For any exact sequence 0 —> Xf —> T 2 —> T 3 —> 0 of R-representations of 
Gq t , one has 

£R,q(T 2 ) = £r,c(Ti) Kle R ^(r 3 ) 
under the canonical isomorphism 


Ar(T 2 ) 4 Ar(Ti) IE Ar(T 3 ). 

(3) For each a e 7Lf, one has 

£r,C°-(T) = detijT(recQ ; (a)) • e RX (T). 

(4) One has the following commutative diagrams 

A r(T) ^4 A R (T*r 


£ rx ~ 1 


£R,d T *r 


i id 

L R -> 


'-R 


when l 7 ^ p, and 

A r(T) -^4 A R (T*) W IE {R(r T ), 0) 


£ rx ~ 1 FI 


£j? , c (T‘) v S[e rT ^l] 


-i can 

1 R -> 


Li? ^ Ifi 


when l = p. 

(5) For any triple (. L , V, £) swc/i that V is any (resp. de Rham) if l ^ p ( resp. 
if l = p), one has 

^,cao=4 R c(n 


Remark 2.2. There exists a non-commutative version of this conjecture, but 
we only consider the commutative case in this article. See [ FK06 J for the non- 
commutative version. 


Remark 2.3. When l p, this conjecture has been already proved by Yasuda 
jYaOhj . More precisely, he proved that the correspondence 

(4 4 0 ^ £o,l(V,0 := det L (-^\V Il )-e L (W(V),C) e L aiiy) 

defined for all the triples (L, V, Q) as in the condition (5) (for l ^ p) in Conjecture 
12.11 uniquely extends to a correspondence 

(4 T, 0 ^ £ o,i ?(4 C) £ -Roi(r) 

for all the triples ( R , T, £) as in the conjecture, which satisfies the similar properties 
(l)-(5) in the conjecture. Then, the isomorphism £r^(T) : 1^ 4 A r(T) is defined 
as the product of the isomorphism 1# 4 Ar j2 (T) induced by the isomorphism 

R Ra t (T) '■ X H-)- £ 0 > r(T, () ■ X 
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with the isomorphism 1* -> A r ,!(T) defined by 

1« ^ Det R (C c ‘ onl (/,,T)) H DetsfC^I/nT))- 1 4 Det B (C" nt (G Q „r)), 

where the first isomorphism is the canonical one and the second isomorphism is 
induced by the canonical quasi-isomorphism 

C^(Gq„T) 4 [C* ont (/j, T) C‘ mt (h,T)}. 

Before proceeding to the next subsection, we recall here the notion of the cy- 
clotomic deformations of /^-representations, which will play an important role in 
this article. For any R such that p ^ R x , we set Ar(F) := /2[[r]] the Iwasawa 
algebra of V with coefficients in R , and set A L (r) := ko L (T)[l/p] for any L. For 
an R- represent at ion T of Gq v we define a A/j(r)-representation Dfm(T) which 
we call the cyclotomic deformation of T by 

Dfm(T) -.= T® r R r {Y) 

on which Gq, acts by 

g(x ® A) := g(x) <g> [g]^ 1 • A 
for g G Gq u x G T, A G A^(r). We set 

A^(T) := A AH{rv (Dfm(T)) and Hj w (Q h T) := H^Q,, Dfm(T)) 

for for * = 1,2, or * = (f) (the empty set). For a continuous homomorphism 
5 : r —> R x , define a continuous /2-algebra homomorphism 

fs : A fl (r) -G R : [ 7 ] ^y)” 1 

for any y G T. Then, one has a canonical isomorphism of /^-representations of Gq 1 

Dfm(T) <8>A fl (r),/ 4 R —> T(S) : (x ® A) (g) a hg a ■ f$( A) • x ® e s 

for a: G T, A G A^(r),a G R. By the compatibility with base changes, this 
isomorphism induces a canonical isomorphism 

A£(T) ®A R (T),fs R -> A jR (T(5)). 

Let t : Afl(r) A#(r) be the involution of the topological /2-algebra defined by 
t([y]) = [y] -1 for any y G F. For any A R (r)-modulc M, we set M L := M <E>A fl (r),t 
Aft(r), i.e. M L = M as /2-module on which A#(r) acts by A - L x := t( A) • x for 
A G A^(r),x G M, where - t is the action on M L and • is the usual action on M. 
One has a canonical isomorphism of A R (r)-representations of Gq t 

Dfm(T*) t 4 Dfm(T)* : x ® A hg [y <g) A' hg t(A) • A' ® x(y)] 

for x G T*, y G T, A, A' G A#(r), which naturally induces a canonical isomorphism 

(4) A^(T*) i A Ajl (r),*(Dfm(T)*) 

for * = 1, 2, or * = (j). 
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2.2. Review of the theory of etale (p, r)-modules. From now on until the 

end of §3, we concentrate on the case where / = p, and fix a basis e! := £ G 
Z p (l) := r(Q p ,Zp(l)). Set e r := ef r G Z p (r) for r G Z. For i? as in §2.1 such 
that p qL R x , we set Sr := ^m^ >i (i?/Jac(i?) n [[A"]][ 1 /A"]), and set Sl ■— So L \\/p\ 
for R = L, on which p and Y acts as continuous i?-algebra homomorphism by 
p(X) := (1 + X)p - 1, 'j(X) := (1 + X)*™ - 1 for 7 G T. 

For R such that p R x , we say that D is an etale (p, r)-module over Sr if D 
is a hnite projective ^-module equipped with a Frobenius structure p : p*D : = 
D ®£ r , v Sr —> D and a commuting continuous semi-linear action Y x D —» D : 
( 7 , 2 :) 7 ( 2 ;). For R = L, we say that D is an etale (</?, T)-module over Sl if D 

is the base change to Sl of an etale (p, r)-module over Sq l ■ We denote by D v : = 
Horri£ fi (D, Sr) the dual (p, r)-module of D , by D(r) := D Z p (r) the r-th Tate 
twist of D (for r G Z), by D* := D v ( 1) the Tate dual of D. One has the Fontaine’s 
equivalence T D(T) between the category of R- representations of Gq v and that 
of etale (p, r)-modules over Sr. In the construction of this equivalence, we need 
to embed the ring Si p (Sr for R = Z p ) into the Fontaine ring A + (:= 1F(E + )) by 
X 1 —y X( := [(Cp n )f> 7 o] — 1 G A + , which depends on the choice of the fixed basis 
C — (Cp n )n^o G Z p (l). We remark that, for a different choice £ a of a basis for 
a G Zp , one has X^a = (A^ + l) a — 1. Dehne a left inverse £> : D —y D of p by 


p —1 p —1 

p-.D = ]T(1 + XYp(D) —>■ D : 5^(1 + X) i p(x i ) ^ x Q . 

i= 1 i=0 

We next recall the cohomology theory of (p, r)-modules. Let r tor C Y denote 
the torsion subgroup of T. Dehne a hnite subgroup A C r tor by A := {1} when 
p > 2 and A := r tor when p = 2. Then T/A has a topological generator 7 , which 
we hx. We also hx a lift 7 G Y of 7 . 

Remark 2.4. When p = 2 and p ^ R x , the cohomology theory of (p, r)-modules 
over Sr is a little more subtle than that in other cases since one has |r tor | = p in 
this case. To avoid this subtlety, we treat (p, r)-modules over the rings of the form 
R = Ro[l/p], where Ro is a topological Z p -algebra satisfying the condition (i) in 
§2.1. For such R , we set Sr := £r 0 [1/p], and say that an ^-module D is an etale 
(p, r)-module over Sr if it is the base change to Sr of an etale (p, r)-module over 
Sr 0 . From now on until the end of this article, we use the notation R to represent 
topological Z p -algebras of the form R 0 or R 0 [l/p] (resp. -R 0 [l/2]) as above when 
p A 3 (resp. p = 2), and we only consider the R -representations of Gq, or Gq t s, 
and etale (p, r)-modules over Sr for such R. 

Definition 2.5. For any etale (p, r)-module D over Sr, dehne complexes C* ry (D) 
and C* ;y (D) of A-modules concentrated in degree [0,2], and dehne a morphism 
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'I ' D between them as follows: 


(5) 


C‘ vn (D)= [D 

'I ’D 


A d a 


id 


c;, 7 (d)= [d 


>D 

id (B—ip 

)D 






jjA m n A n Al 


4 IT 


For i G Z^o, we denote by H p 7 (.D) (resp. H^, 7 (D)) the i-th cohomology of 
C* n (D) (resp.C^ (£>)). li is known that the map : C* a (D) ->■ C'^D) is 
quasi-isomorphism by (for example) Proposition 1.5.1 and Lemme 1.5.2 of ICC99] . 
In this article, we freely identify C^ a {D) (resp. H^ 7 (H)) with C* 7 (Z1) in D~(i?) 
(resp. H^, 7 (Z 1 )) via the quasi-isomorphism T D . 

For etale ( 99 , r)-modules Di,D 2 over S R , one has an .R-bilincar cup product 
pairing 

c; 7 ( J Di)xc; 7 (D 2 )^c'; 7 p lf »D 2 ), 

which induces the cup product pairing 

U : Hyzy x Hj i 7 (D 2 ) -*■ H*+j(D, ® D 2 ). 

For example, this pairing is explicitly dehned by the formulae 


x U [y\ := [x ® y\ for i — 0 , j — 2 , 


[xi,yi] U [x 2 , y 2 \ ■= [xi <8> 7 ( 1 / 2 ) - 2/i <S> <p(x 2 )\ for i = j = 1. 

Definition 2.6. Using the cup product, the evaluation map ev : D* ® D —> 
£ r { 1) : / <g) x •—> f(x), the comparison isomorphism H 2 (Q p ,i?(l)) ^4 H 2 7 (£r(1)) 

(see below), and the Tate’s trace map H 2 (Q p , i?(l)) ^4 R , one gets the Tate duality 
pairings 

C;,(D*) x C' JD) -> R[-2\ 

and 

(-, -)T.,e : h; i7 (b-) x H l:‘(D) a 

Let T be an R -representation of Gq p . By the result of |He98j . one has a canonical 
functorial isomorphism 

C 9 cont (G Qp ,T) ^ C;^D(T)) 

in D (R) and a canonical functorial R- linear isomorphism 

ff(Q p ,T)4H; 7 (h(T)). 

In particular, we obtain a canonical isomorphism 

A ra (T) ^ Det r (C;^D(T))) =: A ra (D(T)). 
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For an etale (ip, r)-module D. We freely regard the rank one (ip, r)-module 
det £r D as a character det £r D : Gq p —> R x by the Fontaine’s equivalence. Then, 
the (ip, r)-module det £r D has a basis e on which tp and F act by 

¥>(e) = det^D (rec Qp (p)) • e, j'(e) = det £R B(Y) ■ e 

for y' G T, where we regard F as a subgroup of Gq p by the canonical isomorphism 
Gal(Qp b /Qp r ) —> r. Using the character det £r D, we define 

Cr{D) := {a: G det £R D\tp(x ) = det £R D(iecQ p (p))-x, Y(x) = det £R D(Y)-x for y' G T}, 

which is a free /?-module of rank one, and define the following graded invertible 
i?-modules 

A r , 2 (D) := (£ R (D), r D ) and A R (D) := A ra (D) El Ar i2 (D). 

By (the proof of) Lemma 3.1 of [Nal4b ], there exists a canonical isomorphism 

ArYT) ArYD(t)) 

for any R- representation T of Gq p . Therefore, we obtain a canonical isomorphism 

A r(T) 4 A r(D(T)), 
by which we identify the both sides. 

We next recall the theory of the Iwasawa cohomology of ( 97 , r)-modules. For 
an etale (tp, r)-module D over £ R , we define the cyclotomic deformation Dfm(Zl) 
which is an etale (</?, T)-module over £a r (t) by 

Dfm {D) := D ® £r £ Afl(r ) 

as £\ r (t)- module on which ip and F act by 

cp(x ® y ) := <p(x) ® <p(y), Y(x ® y) := '/(a;) ® [y'] _1 • y'(y) 

for x G D,y G £a r (f), Y *= T. Then, one has a canonical isomorphism 

D(Dfm(T)) 4 Dfm (D(T)). 

Hence, if we set 

Hi W ,„(D) := Hy(Dfm (D)) and Aj'(ZJ) := A Aa(r) (Dfm(£>)), etc., 
then we obtain the following canonical isomorphisms 

Hi w (Q p ,T) 4 Hj WiWy (£>(T)) and A£(T) 4 A£(£>(T)), etc. 

for any /^-representation T of Gq p . For any continuous homomorphism S : F —» 

R x , the base change with respect to fs : A^(T) —> R : [y'j (->• 5(y ') _1 induces 
canonical isomorphisms 

Dfm(D) ®A«(r ),f 6 R D (Y) ■ {x ® y) ® 1 t-G fs(y)x ® e 5 


A 1 r (D) ®A R (r)j s R -> A r (D(S)), 

17 


and 




and induces a canonical specialization map 

sp s : Hi w ,„, 7 (B) -► H; i 7 (£l(«S)). 

We remark that the continuous action of T on D uniquely extends to a A^(T)- 
module structure on D. We define a complex C*,(D) of A^(r)-modules which 
concentrated in degree [ 1 , 2 ] by 

C;(D) : [D D\. 

By the result of [ CC99] . there exists a canonical isomorphism 

C;(D) 4 C^Dfmp)) 

in D-(A fl (r)). In particular, there exists a canonical isomorphism 

can : D*' 1 4 H} Wi+i 7 (D) 
of A i? (r)-modules which is explicitly defined by 

' p — 1 


x (->• 


P 


l°g(x(7))PA(^® 1), 0 


where p A ■— yy| ^ CTgA [cr] G Z[l/2] [A.] (remark that we have ■ log(y(y)) • Pa G 
Z P [A] for any p). Hence, if we define a specialization map 

1 


is ■ D^ =l H; i7 (£>(<5)) :x^x s := 


P 


p 


log(x(y)) -Pa(® ® ea),0 


for any continuous homomorphism 8 : T —>■ R x , then it makes the diagram 

D^= 1 


( 6 ) 


^5 


■+ h; w ^ 7 (b) 


S Pi 


HJ, 7 (I>(5)) HJ > 7 (D(«5)) 

commutative. 

We next consider the Tate dual of Dfm(Zl). For this, we first remark that 
the involution t : A^(T) —> A fi (T) : [y'] i-> [y'] _1 naturally induces an ^-linear 
involution t : £a r (f) -> ^A fl (r)- For an etale (<p, r)-module D over £r, define an 

etale (ip, r)-module D ® £r £a r (f) over £a r {f) by 

D ® £r £a r (f) = D ® £r £a r (f) 

as £ Ar (f) -module on which p and T act by 

<p(x ®y) = ip(x) ® <p(y) and y'(x ® y) = Y(x) ® [y'] • y '(y) 

for x E D, y G £a r {f)iY G T. Then, the isomorphism 

D ®s R £a r (f) ^ D ® £r £ Ar (f) :x®y^x® t(y) 
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induces an isomorphism 


D ® £r £a r{ t) 4 Dfm (D) u 

of (</?, r)-modules over £a r (t)- Since one has a canonical isomorphism 

(D ® £r £\ r (d) ®A fl (r ),f s R ^ D (<5 _1 ) : (x ® y) ® 1 H- fs(y)x <g> e s -i 
for any 5 : T —> R x , we obtain a canonical specialization map 

h ■ D*- 1 ' 4 Hi.,(Dftn(D)‘) 4 Hj JD ® £ „ S^)) -f H^W 1 )) 

which is explicitly defined by 

' l°g(x(7)) -p A (a;®e tf -i),0^ . 

We apply this to the Tate dual D* of D. Since one has a canonical isomorphism 
Dfm (D*) L 4 D* ® £r £^) ^ Dfrn(D)*, 
we obtain canonical isomorphisms 

A£(D7 ^ A Ajt(r) (Dfm(£>)*) 

and 

can : (D*)^ 1 - 4 4 Hj^Dfm^*) 4 ) 4 Hj, >7 (Dfin(D)*), 
which makes the diagram 


(£)*)b=h' 


Hj > 7 (Dfm(£>)‘ 






for any <5 : T —>■ R x commutative, where the right vertical arrow is the specializa¬ 
tion map with respect to the base change 


Dfm(D)* ® A „ (r)>/ , R -> (Dfm(D) ® Ajs(r) . /( Rf -> Z>(<5)*- 
Using these preliminaries, we define a A#(T)-bilinear pairing 

-} i w : ( D *)^ 1 ’ 4 x D^= l -4 Afl ( T ) 

which we call the Iwasawa pairing by the following commutative diagram 
x D^= l canxcan > H^ 7 (Dfm(£))*) x H^Dfmp)) 

( 8 ) I { —, — }lw | {— , — )Tate 


Afl(r) 


19 


A/*(r). 



From the arguments above, we obtain the commutative diagram 


(9) 


x nri 

{-1 — }lw 

fs 


> Hi i7 (£>(5)*) x HJ |7 (£>(<$)) 

( j )Tate 


Afl(r) 


->■ 


i? 


for any 5 : T —> i? > 


Remark 2.7. We remark that the pairing { —, — }i w coincides with the Colmez’s 
Iwasawa pairing which is defined in §VI.l of [ColOaj in a different way. 


For a continuous homomorphism 8 : Y — > i? x , we define a continuous i?-algebra 
automorphism ^ : A fl (r) ^ A fl (r) by gsM) = <5(7') _1 ■ [Y] for i e T. 


Lemma 2.8. For any 8 : T —>• R x , one has the following commutative diagram 


( 10 ) 


(£>.)*=!,. x D i -1 l - J .l - . , A h (F) 


(x,j/)i-»-(x®e i _i ,y®e s ) 


35 


(_D(<5)*)^ =1,t x D(<$)^ =1 Afl(r). 


Proof. For a A#(T)-module M, we define a A/ ? (r)-module gy*(M) := M on which 
A^(r)-acts by g$. Then, we have isomorphisms Dfm(D) ^*(Dfm(Z)((5))) : 
x <g) y (x <S> e 5 ) <g) < 7 , 5 ( 7 /) and Dfm(D*) t g (5 *(Dfm(.D(<5)*) 1 ') : x ® y i-G [x <g) 
e^-i) <g) < 7 , 5-1 (y), and these induce the following commutative diagram 


(ii) 

Hy(Dfm(B)-) x Hj, x (Dfm(B)) 

( j )Tate 


■+ Ss,.(H^(Dfm(D(i)*))) x ,,(DftnU>W))) 


( j )Tate 


Afl(T) 


35 


9s,* (Ar(F)) . 


By dehnition of {—, — }i w , the lemma follows from this commutative diagram. 


□ 


Take an isomorphism T —* r t0 r x Z p of topological groups. Let 70 G T be 
the element corresponding to (e, 1) by this isomorphism, where e G r tor is the 
identity element. For R such that p R x , define £r(T) := A^(r)[ ^ u |_ 1 ] A the 
Jac(i?)-adic completion of A fl (r)[ ^ o |_ 1 ], which does not depend on the choice of 

the decomposition T 4 r to r x Z p . For R = R 0 [l/p\ such that p qL R$ , define 
£fl(r) := £ Ro (T)[l/p\. Here, we recall some properties of the base changes to 
5 fl (r) of A r(D) and {—, —}i w , which are proved in [ColOaj . By III.4 of |Col0aj . 
70 — 1 acts on D^ =0 as a topological automorphism and the induced action of 
Afi(r)[ _j—j- ] on £)V>=o un jq ue iy extends to an action of £r(T), which makes D w=0 
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a finite projective ^(r)-module of rank r D . By VI. 1 of [ ColOaj . the A R (r)-lincar 
homomorphism ZU’ =1 — £fo =0 induces an isomorphism 

D^ =1 ®a r{ t) S r {T) 4 Z^=° 

of ^(r)-modnles, and one has 

D ®A»(D £«(r) = (D/ty - 1 )D) ®a»(D £r(T) = 0 

(since D v=l and D/(iJj — 1 )D are finite generated I?-modules). In particular, we 
obtain a canonical isomorphism 

C;(B)®A»(r) f H( r )^B*-°[-l] 
in D-(£ fl (r)), and this induces a canonical isomorphism 

®a„(D £«(r) A (detj tf |D^,r D )-‘. 

Moreover, since we have £A H (r)(Dfm(D)) = £r(D) ®r A#(r), we obtain the 
following canonical isomorphism 

(12) A %(D) ® Ai?( r) £r(T) 4 (det e R iv)D^ ® R Cr{D)\ 0)" 1 . 

Using the isomorphism A 1 r(D*) l —$■ AA H (r)(Dfm(£))*), we similarly obtain the 
following canonical isomorphism 

AA fl (r)(Dfin(D)*)® Afl (r)^(r) 4 (det £r{t) (D*)^ ® r £ r {D*)\ 0)” 1 . 

Finally, by Proposition VI.1.2 of [ Co 10a] . the Iwasawa pairing {—, —}i w : {D*Y' =1,i x 
LU =1 —> Afl(r) uniquely extends to an ^(r)-bilinear perfect pairing 

}o,iw : (D*)£ =0,l x D*=° -G £ fl (r) 

such that {(1 — (p)x, (1 — ip)y} o,i w = {x,y} i w for any x G (_D*)^’ =1 ,?/ G D^ =1 . 

Remark 2.9. As we mentioned in Remark 11.21 Conjecture 12.11 is known for the 
rank one case by |Ka93bj . Using the isomorphism ffl2jl . the base change to £r(F) of 
the local ^-isomorphism £ l ^ c (D{T)) := £ 1 r C (T) for any ^-representation T of Gq p 
of rank one dehned in [Ka93b] is explicitly described as follows, which will play an 
important role in this article. Let 5 : Q* —> R x be a continuous homomorphism 
corresponding to a character 5 : —> R x by the local class held theory. Then, 

the (</?, r)-module D(R(S)) corresponding to R(S) is isomorphic to £r(S) := S R es 
on which (^,T) acts by <p(e s ) = 5(p) ■ e s ,Y(e s ) = 6(Y) ■ e s ( 7 ' G T). For £ R (5), 
one has an ^^(rj-linear isomorphism 

£fl(r) 4 £r(S)+=° : A hg A • ((1 + X)- x e 5 ), 

and, under the isomorphism (TT2h for D = £r(6), the base change to £r(F) of the 
local ^-isomorphism £r^(£r(<5)) : 1a k (T) —> A^(£ R (<5)) which is dehned in I l\a93b 
is the natural one induced by the isomorphism 

ffl(r) 4 £ r { 6)*=° ®R (ResY : A hg (A • ((1 + X)" 1 ^)) g e* 
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This fact easily follows from the another definition of given in §4.1 

(and Remark 4.9 and Lemma 4.10) of [Nal4bj . 


2.3. A conjectural definition of the local e-isomorphism. In this subsection, 
we first recall the definition of (a multivariable version of) the Colmez’s convolution 
pairing. After that, we propose a conjectural definition of the local e-isomorphism 
using the convolution pairing. 

Let D i, • • • , D n+ 1 be etale (ip, r)-modules over £ R , and let 

M : D\ x D 2 x • • • x D n —>• D n +\ 


be an ^-multilinear pairing compatible with ip and T, i.e. we have 

M(ip(x 1 ), • • • ,<p(x n )) = ip(M(x 1 , • • • ,x n )) 


and 

M(j'(xi), ■ ■ ■ ,i(x n )) = y(M(x 1, • ••!„)) 
for any x* G D t and 7 'eL For such a data, we define a map 

: Df=° x • • • x Dt° Dt= i° : (x 1} ■ ■ ■ ,x n ) ^ ■■■x n ) =: (*) 

by the formula 


n —^00 1 

ii,- mod p n 


where we set jk '■= Ylk'^k^'- This is a multivariable version of the Colmez’s 
convolution pairing defined V.4 of ColOa . whose well-definedness can be proved 
in the same way as in Proposition V.4.1 of [ ColOa] . We remark that this pairing 
Afyx depends on the choice of the parameter X = Xg, i.e. the choice of £ G Z p (l). 

ILlrp 

We can easily check that this dependence can be written by the formula 




for any o£Z p x . Moreover, we have 

(xi, • • • , 7 '(Xi), • • • , x n ) = 7 '(M z x (xi, ■ • ■ , Xi, ■ ■ - , x n )) 

lLi*p p 

for any i and 7 ' G T, in particular, is T^(rj-multilinear. 

We next formulate a conjecture on the conjectural definition of the local e- 
isomorphism. Let D be an etale (ip, T)-modnle over £ R . Applying the convolution 
pairing to the highest wedge product 


A : D xrD —* det^H : (xi, • • • , x rD ) (->• x\ A • • • A x rD , 

we obtain an (L) - mult i 1 i near pairing 

: (D^=°) xrD (det £ R Df=°. 
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It is easy to see that this map is alternating. Hence this induces an £fj(T)-lincar 
morphism 

: det £ „ (r) D*-» -> (det^D)*- 0 . 

Concerning the relationship between this map with the local ^-isomorphism, we 
propose the following conjecture which grew out from discussions with S.Yasuda. 
Recall that we have canonical isomorphisms Aj^(.D)<8>A fl (r)£i*(r) -4 (det£ H (r)-D^ =0 ®.R 
£r(D) v , r D )~ l and Cr(D) = C R (det £ r D). 


Conjecture 2.10. (1) For any D, the map A 7 : det£ H (r)£^ _0 _ > (det£ R Zl)^ _0 

/Lip 

is isomorphism. 

(2) If (1) holds for D, then the isomorphism 

A® : A %(D) ® Ajs(r) £«(r) 4 A£(det.; £ „0) ® A ,(r) £«(r) 
induced by the isomorphism 

det £B( r )D^=° £ R (D) V 4 (det £R Df=° ® R £ R (det^£>) v 
defined by (x i A • • • A x T d ) <8>y *-)■ A^l (xi A • ■ • A x rD ) ® y uniquely descends 

/Lip 

to a A/?(r )-linear isomorphism 

A® : A %(D) X Ajr(det e„D). 


(3) If (2) holds for D, then the conjectural e-isomorphism £ R ^(D) : lA fl (r) 
A l R (D) satisfies the commutative diagram 

A ( « 

A!?(r>) Ag'(det £ ,D) 


—y 


-RX 


(D) 


4 w c( det £ R D) 


lAi?(r) ~ 1 Ah( r)> 

where the isomorphism c^’^det^D) is the e-isomorphism defined by Kato 
[Ka93b] (or Remark \2.9§ . 


Remark 2.11. The condition (3) in the conjecture above says that, if (2) is true 
for D , then the composite (A^i) -1 o (detail) : lA fl (r) —>■ A 1 R (D) satisfies all 
the conditions (!),••• , (5) in Conjecture 12.11 For example, since one has 


A;’ = KP" 1 ' A® : A %(D) X A£(det e H D) 

(which follows from = [a a ] - b\D-i) • A^ : det^r \{D^ =0 ) -A (det£ fl Zl)^ =0 ) and 

/Lip /Up 


e ] rl ( a(det £n D ) = (det £Afl(r) Dfm(det £il £>)(a)) • e£ c (detail) 

= det £r D(o) • [cx a ] -1 • e T 7 c (det f/i £) 
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for any a G Z*, we obtain 

( A ^° ) ) _loe ?C“( det «H I) ) = [ CT J' rD+1 • (det fflJ D(a) • [a,,]- 1 ) • (A^) _1 oe^ c (det £R D) 

= det s ARir) ~Dim(D)(a) • (A^) _1 ° e£ f (det, £r D), 
i.e. the isomorphism (A^) _1 oe^C (detail) satisfies the condition (3) in Conjecture 

/Zjp jS 

EU 

Remark 2.12. In the next section, we prove almost all the parts of the conjecture 
above for the rank two case. In fact, we can prove many parts of the conjecture even 
for the higher rank case. However, we do not pursue this problem in the present 
article since the main theme of this article is to pursue the connection between the 
local e-conjecture with the p-adic local Langlands correspondence for GL 2 (Q p ). In 
the next article [Na], we will prove (1), (almost all the parts of) (2) for the higher 
rank case, and prove that the isomorphism (A^)) -1 o e l fl ( -((\et £li D) : lA fl (r) —> 

A^(L>) (obtained by (2)) satisfies the conditions (l),-- - , (4) in Conjecture 12.11 
Moreover, we will prove that this isomorphism satisfies the condition (5) for the 
crystabclline case. 

3. Local ^-isomorphisms for rank two p-adic representations of 

Gal(Q p /Qp) 

In this section, using the p-adic local Langlands correspondence for GL 2 (Q p ), 
we prove almost all parts of Conjecture 12.11 and Conjecture 12.101 for the rank two 
case. 

3.1. Statement of the main theorem on the local e-conjecture. We start 
this section by stating our main result concerning the local e-conjecture for the rank 
two case. We say that an etale (<p, r)-module D over £ L is de Rham, trianguline, 
etc. if the corresponding V(D) := T(D) is so. If D is de Rham, we set s^.(D) : = 

e^(V(D)), which we regard as an isomorphism —> A l(D) by the canonical 
isomorphism A l{D) A L {V(D)). 

Theorem 3.1. (1) Conjecture 12.101 (1) is true for all the (ip,T)-modules of 

rank two. 

(2) Conjecture 12. 101 (2) is true for “almost all” the (if, V)-modules of rank two. 

(3) For D as in (2) (then we can define an isomorphism 

4 W <(0) := (A^o^det^Z)) : l A ,(r) 4 A 1 ^ (£>)), 

we set £r^(D) : 1 R A r(D) for the base change of £ l R( -(D) by f\ : 

Afl(r) —> R : [ 7 '] 1 — > 1 (f G T). Then the set of isomorphisms {£R,g(D)}( R D p 
where D run through all the D of rank one or rank two as in (2), satisfies 
the conditions (1), • • • , (4) in Conjecture 12.11 and satisfies the following: 
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For any pair (L, D) such that D is de Rham of rank one or two, 

(i) if D is trianguline, then we have 

ZL,dD) = e d *(D), 

(ii) if D is non-trianguline with the distinct Hodge-Tate weights {0, k} for 
k^l, then we have 

dR , 


e Tx (D(-r)(5))=ejF(D(-r)(5)) 

for any pair (r, 5) such that 0 ^ r ^ k — 1 and 5 
homomorphism with finite image. 


T -A L* is a 


We will prove this theorem in the next subsections: (1) is proved in Proposition 
13.21 (2) is proved in Proposition 13.41 (see this proposition and Remark 13.51 for the 
precise meaning of “almost all” in the theorem above), (3) (i) is proved in §3.3, 
(3) (ii) is proved in §3.4. 


3.2. Definition of the ^-isomorphisms. In [ ColObj . Colmez constructed a cor¬ 
respondence D i—^ 14(D) from (almost all) etale (ip, r)-modules of rank two to 
representations of GL 2 (Q p ). In the construction of 11(D), he introduced a myste¬ 
rious involution ws D : D ^ =0 —> D ^ =0 (whose definition we recall below) which is 

intimately related with the action of ( ^ J J £ GL 2 (Q P ) on 11(D). Moreover, he 


proved a formula describing the convolution pairing using the involution ws D 

£jp 

and the Iwasawa pairing {—, — }o,iw : (D*)^ =0,t x D^ =0 —* £r(P), which we also 
recall below. Since the e-constant of an irreducible smooth admissible represen¬ 
tation of GL 2 (Q P ) can be described using the action of ^ ^ by the classical 

theory of Kirillov model, this formula is crucial for our application to the local 
e-conjecture. 

We start this subsection by recalling the definitions of some of analytic opera¬ 
tions on D^ =0 defined in [IColOaj . [GolObj . These operations also depend on the 
choice of the parameter X = £ Sr, i.e., the choice of ei := ( £ Z p (l), which 

we have fixed. 

For a continuous homomorphism 8 : T — > R x , Colmez defined in V of |Col0a ] 
the following map 

m (p . D ^=o _^ D ^=o . x ^ lim y- + x)V> n ((l + X)^x). 

n—too * J 

zGZp modp 71 

We remark that this map satisfies mf * = <5(a ) _1 • rri'p for a £ Z* , rrip = id D ^=o 

for the trivial homomorphism 1 : T —> R x , rnf^ o mfj = Tnf^ S2 for any <5i, <5 2 , and 
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cr a o m\p = 5(a) 1 rnp o cr a for a G Z* . In particular, the map 

mjp (8) e ,5 : D^ =0 A- _D(<5)^ =0 : x *-> mf\x) <g) e$ 
is an isomorphism of £hj(r)- modules. In V of [ ColOaj . he also dehned an involution 

w { p : D^ =0 4 D^ =0 

by the formula 

wp(x) := lim V (1 + X) l/l a _ 1/i 2 ■ p> n ijj n (( 1 + X)~ l x ) 

n—>-+oo z ' 

zGZp modp n 

and also dehned in II of [ColOb] an involution 

wf := mfP o wP : 4 D^ =0 

for any 5 : T —>• R x . By definition, the latter satisfies the equalities wf \cr a (x)) = 
<7 a (wP(x)) and wP(cr a (x)) = 5(a)a a -i (u?P (x)) for any a G Z*. In particular, this 
induces an ^(r)-linear isomorphism 

wP ® e 5 -i : £)S=o D(5~ 1 p =0,i : x »-)■ wP(x) ® e^-i. 

Now we assume that .D is of rank two. Set 

5 d := X _1 -det £r D:Q;^R x . 

Using the canonical isomorphism Sr ®r £r(D) —> det £ R D : / ® x H> / • x, we 
obtain a canonical isomorphism 

det£ H .D (8> fi C R (Dp —> Sr ®r Cr(D ) Cr(D) w Sr. 

Using this isomorphism, we define the following canonical isomorphism of (tp, T)- 
modules 

D ®r Cr(D) v -4 D v : x <g) z w t-)- [y (-)■ (y A x) ® z y ] 
for x,y G D, z G Cr(D) x , by which we identify both sides. By these isomorphisms, 
we also obtain the following canonical isomorphism 

D^=° ® R C r (DY 4 (D*p=^ :x®z w w ( p(x) ® z v <g> e x 

of £ R (r)-modules. 

Using these preliminaries, we define the following £fj(r)-bilincar perfect pairing 

[-,-]£? : D^ =0 ®£ R (D) W x D^ 0 S r (T) : (x®z v ,y) t-> {wP(x)®z s '®ei,y} 0M 

which is a modihed version of the Colmez’s pairing dehned in Corollaire VI.6.2 of 
[ColObl . This pairing is related with the convolution pairing Ap : D^ =0 x D^ =0 -A- 

£jp 

(det £r D)S=° as follows. Let us consider the iUlinear map d : Sr Sr( 1) : f(X)\-> 
(1 + X) d pP ® ei. It is easy to see that this does not depend on the choice of 
( G Z p ( 1), and satishes a a o d = d o a a (a G Z* ) and <p o d = p ■ d o and 

induces an £n(r)-linear isomorphism d : Sp° —> Sr( 1)^ =0 . We note that one 
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has d\ £ ;p=o = nix' 1 ® e i since both are ^(r)-linear and one has d(( 1 + X)) = 
(1 + A^) <S> Gi = TTJ^P ((1 + X)) <E> Gl- 

As a consequence of Colmez’s generalized reciprocity law (see Theoreme VI.2.1 
of [ColOaj h he proved, in the proof of Corollaire VI.6.2 [ ColObj . that [—, —]j^ 
satisfies the following equality 

(13) d([x®z v ,y ]• (1 + X)) = -5 D (-l) ■ m^J 1 (A^(x,y)) ® z v 0 e x 


in E r ( 1)*=° 4 (det £flJ D)^=° C r (DY( 1). 

Since A^ is anti-symmetric, this formula implies that the perfect pairing [—, — 

is also anti-symmetric, i.e. we have [;r<g)£ v , y\\ w = — [y®z v , x]i w for any x, y G D^ =Q 
and z G £r(D). Therefore, this induces an £j?(r)-linear isomorphism 

det £i?(r )D 4 ' =0 ® r C r {DY ^ £ R (T) :(iA y) ® z v ^ [cx_i] • [x ® z v , 2 /]£J. 

The last isomorphism, together with ffl2|) . naturally induces an £ij(T)-linear iso¬ 
morphism (which we denote by) 

VR,dD) : lg fl (r) -> A 1 ^ (D) ®a r (t) £r( H- 

We first prove the following proposition concerning the alternative description 
of our conjectural ^-isomorphism, in particular, which proves Conjecture 12.101 ill 
for the rank two case. 

Proposition 3.2. The map A: dets^D^- 0 ->• (det^-D)^ -0 is isomorphism, 

/Up 

and the isomorphism r}R^(D) fits into the following commutative diagram: 


AO 


Ar(d) ®a r (t) £r( r ) 
VR,c( D ) 
1 £rT) 


id 


A A l Y(det £R D) £ r (T) 

£l R X (det £R D )®id £R ( T ) 


Proof. By Remark 12.91 it suffices to show the equality 

(14) [cm i] • [x ® z v , j/]£ } • ((1 + X)" 1 • z) = A® (x, y) 

for any x,y G D^ =0 , z G Cr(D) x = C R (det e r D) x . 

We prove this equality as follows. We first remark that, since one has d = 
mf <E> ei, the equality ffT3l) is equivalent to the equality 

(15) m ( x c) ([x®z v ,y]^ • (1 + X))®e 1 = -^(-1) • (A^ C j (x, y)) ® z v ® e v 
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Applying the £ R (r)-linear isomorphism mg D 0 z 0 e_i : £r( 1)^ 0 (detg^Z))^ 0 
to this equality, the right hand side is equal to 


- <5d(-1) • mfl (m^\ (A^ (x, y)) 0 z 1 0 ei) 0 z 0 e_i 
= -S D (- 1) • (A^J (x,y))) 0 z v 0 ei 0 z 0 e_i = -5 D (-1) - A ^(x,y) 

since one has ms(x 0 eg') = 7ns (x) <8> e,y and ms o 7715 / = for any D and <5, 5', 
and the left hand side is equal to (set Sq : = det£ H .D| z x) 


m Sn( m x\l x ® zV ,y] iw ' (1 + x )) ® e i ) ® z0 e_! 

= mf^(m^\[x 0 z v ,7/] I ( ^ r ) • (1 + A"))) ® ei ® z ® e_i 
= ® z v , r/]£ } • (1 + A)) 0 z = [x 0 z v , y]® • (m ( /J( 1 + X) 0 z) 

= [x ® - V , y]iS ■ ((1 + X) ■ z) = —<5d(— 1) • [cr_i] ■ [x 0 z v , j/]{2 • ((1 + A) -1 • z), 

where the third equality follows from the £fj(r)-linearity of rnfj 0 z, and the fourth 
follows from rnfj (1 + A) = (1 + A), from which the equality (TT4T) follows. 

□ 


Before proving (2) of Coniecture l2.10l we show the isomorphism t)r^(D) satisfies 
the condition similar to (4) in Conjecture 12.11 (over the ring £#(!")). 

Lemma 3.3. Let D be an etale (c p,T)-module over £r of rank two. Then the 
isomorphisms t}r^(D) and t}r^(D*) fit into the following commutative diagram: 


^ r ( d ) ®A*(n£«(r) —> (Ag'(n-)‘® AB( r l f R (r))''H(£ R (r)(r T ),o) 


det £R D(a_ 1 )-ri RX (D) 


(v R ,dD*yrm[e rT ^i] 


^ can 

1 ffl( r) - 




Here the upper horizontal arrow is the base change to £r( r ) of the isomorphism 
^r{D) (A l f[(D*yy IE (A/j(r)(r r ), 0) defined by the Tate duality. 

Before starting the proof, let us introduce the following notation. I 11 the proof we 
will use the pairings [—, — ]j^ and { —, —}i w ,o f° r D and those for D* simultaneously. 
In order to distinguish the pairings for D with those for D*, we will denote, for 
any etale (</?, r)-module D\ of rank two, the pairings [—, — and {—, —}i w ,o f° r 

Di by [-, -]\^ Dl and {-, -}^ 0 > respectively. 
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Proof. Fix z G C R (D) X . Then we have z v <g) e 2 G C R (D*) X . By definition, it 
suffices to show that the following diagram is commutative: 


detf^D-D^’ 0 
(b) 


(det £ „,r )(£>*)*-°-‘) v 

(c)KI[e2i—>•!] 


Sr(T)^rC r {D) (£i?(r) <g>ij £i?(-D*)) v (gj/j -R(2), 


where the horizontal arrows are the natural one defined by the Tate duality, and 
(b) is defined by x A ?/ G detf fl £)(cr_i) • [cr_i] • [x ® z w , y]P,D ® z for x,y E D^' =0 
and (c) is the dual of the map x'At/'G t([cr_i] • [x'<g) (z ® e_ 2 ), y']p d*) ® (^ V ® e 2) 
for x',y' G (D*)^ =0 . We prove this commutativity as follows. 

Take a basis {x,y} of D^ =0 . Since we have an isomorphism wfj <g) z v ® e i : 
D^=o o,^ then { U ;^(a;)(g)^ v (g)e 1 , tc^(r/)<g) 2 : v (g)ei} is a basis of ( D *)^ =0,t . 

Then, (a) sends x A y to / G (det^ (r)(T ) *)^' _0 ’ I ') v defined by 


/(( W S( x ) ® zV ® e i) A ( w { 5 fj ( y ) ®z v ® ei)) 

= [x®z y ,x}[^ D fy®z v ,y}[^ D -[x®z y ,y}[^ D fy®z y iX^D = ([x®z v , y]P :D ) 2 , 

where the first equality is by definition and the second follows since [, ||^ is anti¬ 
symmetric. By definition, the composite ((c) IE [e-i K > ll) o (d) o (b) sends x A y to 
f G (det ffl(r) (I>*) lM,lt ) v defined by 


f(( w Sn(x) ® zV ® ei) A (w£}(y) ® z v ® e^) 

= det £R D(a- 1 )-[x®z v ,y]P !D -i([(w ( fJ(x)®z v ®e 1 )®(z®e-2),Ws C J(y)®z v ®e 1 )]P n *). 

Therefore, it suffices to show the equality 

( 16 ) 

[x®z v ,y] tag = det & C(CT_ 1 )-i([(!»2(x)® £ v ®e 1 )®C®e_ 2 ),to£ , (j/)®V®e 1 )]£’ D .). 

To show this equality, we first remark that one has 

(w^ (x) ® z v ® = w^P i (w^ (x) ® z v ® ei) 

= mf^ow^\m s -iow^\x)®z v <g)ei) = Sd(— l)fmfPm^} 2 °wpPmf-i 0, wP(x))®z v ®ei 
= 8 D {— 1) • (mfp o m^} 2 ° ° wP o wjf\x)) ® z v ® e x = 8 D {— 1) • x ® z v ® e 1; 

where the third equality follows from wP(x ® e^) = S(— 1) • rnp o wP(x) ® e$ 
(Corollaire V.5.2. of [ColOaj ) and the fourth follows from rnP x o wP = wP o nip 
(Proposition V.2.4 of [ColOaj ) for any 8. ffence, the right hand side of (1IBD is 
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equal to 


det £fl L>(cr_i) • 5 d (- 1) • t({(a;( 8 ) 2 ; v <g)ei) ® (z ® e_ 2 ) ® ei,w^(p) ® z v ® ei}^ 0 ) 

= -det £fl D(a_i)-^(-l)-i({a:,u;g(i/)(8)^ v (8)ei} I ^ 0 ) = t({x, w£ ) (j/)®« v ®e 1 }^* 0 ) 

= -( W S ( V ) ® ^ ® ei, x}^ (0 = -[?/ ® z v , x]S i2J = [x <g> z v , y]^Di 

where the first equality follows from the fact that the composite of the canonical 
isomorphisms (D ® R C R (D) V ) ® R C R (D W ) V Rf D v ® R jC d (D v ) v (R> v ) v is given 
by x <g) £ v <£> 2 [/ 1 —>■ —f(x)] for any z £ C R (D) X , which shows the equality (fTBjh 
hence finishes to prove the lemma. 

□ 

We next prove (2) of Conjecture 12.101 under the following assumption. Let V be 
an F-representation of Gq p of over a finite field F of characteristic p. We denote 
by Ry the universal deformation ring of V (resp. a versal deformation ring or the 
universal framed deformation ring) if it exists (resp. the universal deformation 
ring does not exist), and denote by V liniv the universal deformation (resp. a versal 
deformation or the underlying representation of the universal framed deformation) 
of V over Ry. Let R 0 be a topological Z p -algebra satisfying the condition (i) in 
§2.1. Let R be either R 0 or R 0 [l/p] (resp. R = .Ro[l/p]) when p ^ 3 (resp. p = 2). 
Let V be an R -representation of Gq p . Set Vo := V (resp. Vo a GQ p -stable R,q- 
lattice of V) if R — Rq (resp. R = Ro[l/p]). Since Ro is a finite product of local 
rings, we may assume that Ro is local and denote by iur 0 the maximal ideal of .Ro¬ 
lf we set V := Vo <8 >r 0 Ro/m Ro , then there exists a homomorphism Ry —* R such 
that V umv ® R —R Af V. Set X := Spec(i?y[1/p]), and denote by X 0 the subset of 
all the closed points in X. 

Proposition 3.4. Let D be an etale (<p, T)-module over S R or rank two. Set 
V : = V(D) and V := V 0 ® Ro R 0 /m Ro for an R 0 -lattice V 0 of V. Assume one of 
the following conditions (1) and (2) : 

(1) p ^ 3. 

(2) p — 2 and, for an Ry as above, 

X cris := {x £ Xq\V x := x*(V umv ) is absolutely irreducible and crystalline} 
is Zariski dense in X, 

then the isomorphism r} R ^(D) descends to A#(r), which we denote by 

SrA d ) ■ lA»(r) 4 Ag'(D). 

Proof. We first remark that, when p — 3, the second condition in (2) (i.e. density 
of X cr i S ) always holds for the universal (or a versal) deformation ring Ry and it 
is known to be an integral domain (in particular p-torsion free) by the results of 
|Co08j . |Kil0j . |BolO] and |BJ14j . 
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By the compatibility with the base change, it suffices to show the proposition for 
V umv (for V umv [l/p\ if p — 2). Set R := Ry and V := V umv for simplicity. The p- 
torsion freeness of R when p A 3 implies that we have A R (T) = £ R (T) f| A fi [ 1 / p ](r). 
Therefore, it suffices to show the theorem for R{l/p\ (for any p). Moreover, since we 
have A fl[ i /p] (r) = Ker(£ R[1/p] (r) -> ]J xeXciis S Lx (T)/A Lx (T)) (here, L x is the residue 
held at x) by the assumption on the density, it suffices to show the proposition for 
V x := x*(V) for any x G X cris . 

Let V be an absolutely irreducible L -representat ion for a hnite extension L of 
Q p corresponding to a point in X. Set D := D(V). Then, one has D^ =1 = 
D /(-0 — 1 )D = 0 and D^ =l (1 — <p)Lfo= 1 =: C(D) is a free A R (T)-module of 
rank two by §11, §VI of [ ColOa j. and the same results hold for D*. Hence, as in 
the case of A^(ZD) CsA^r) £r(T), we obtain a canonical isomorphism 

A i l w (D) 4 (det Mr) C(D) ® L C l (D)\0)-\ 

Moreover, the Iwasawa pairing {—, — }o,iw : C(D*) L x C(D) —* A R (T) is perfect by 
Proposition VI.IA of [ ColOaj . and, if we fix 2 G jCl(D ) x , one has an isomorphism 

C(D ) C(D*) : x i-> ws D (x) <g) z v <8) ex 

by Proposition V.2.1 of [ColObj . Therefore, we obtain an isomorphism 

det Ai (r)C(T)) C l (D) v ^ A L (T) : (x A y) ® z y ^ {w 5d {x) ® z 1 ® ei, j/} 0 ,iw, 

which proves the proposition for D by definition of rjR^(D). □ 

Remark 3.5. Even when p = 2, the assumption in the proposition holds for almost 
all the cases (the author does not know any example which does not satisfies the 
assumption). For example, for any L-r ep resent at ion V for a hnite extension L of 
Q p , there exists an Ol ~lattice V 0 of V such that its Ry satisfies the assumption 
(see |CDP14a| h 

Remark 3.6. In the proof of the proposition above, the most subtle point is to 
show that the isomorphism £)^ =0 A. (£)*)V’=° : x ^ ws D (x ) z w <S) ei induces 
an isomorphism C(D) —)■ C(D*) when D is absolutely irreducible. This fact is a 
consequence of the GL 2 (Qp)-compatibility of the pair (. D,Sd ) for such D (see §111 
of |CD14j ). which is a very deep result in the theory of p-adic local Langlands 
correspondence for GL 2 (Qp). In the next article [Na] . we will give another proof of 
this proposition, and prove a similar proposition even for higher rank case under 
a similar assumption on the density of X crm by directly comparing the convolution 
Af5x with the local e-isomorphisms defined in 1BB08I and |Nal4bj . 

From now on, we only treat the (<p, T)-modules of rank two which satisfy the 
assumption in Proposition 13.41 without any comment, which gives no restriction to 
the results proved in the next sections since any L-representations of Gq p of rank 
two satisfies the assumption by Remark 13.51 
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Specializing the ^-isomorphism above, we define the ^-isomorphism £r^(D) as 
follows. 


Definition 3.7. Let D be an etale (</?, T)-module over Sr of rank two. We define 
the isomorphism £r^(D) to be the base change 

£ R,c ( D ) := e i^c(- D ) ®A fl (r),/i id/? : 1 R X^/(D) ®A fl (r),/i R -> X R (D), 

where /i : A R (r) —> R is defined by /i ([ 7 ']) := 1 for 7 ' G T. 

Corollary 3.8. Our local e-isomorphism £r^(D) defined in Definition 13 . 71 satisfies 
the conditions (1), (3), (4) of Conjecture 12.11 

Proof. That £r^(D) satisfies the condition (1) is trivial by definition. To show 
that £r^(D) satisfies the conditions (3) and (4), it suffices to show that e^(D) 
satisfies (3) and (4). Since the canonical map A#(T) —> £r(T) is injective, this 
claim follows from Remark 12.111 and Lemma 13.31 □ 


Remark 3.9. By definition and Lemma 12.81 we also have 

= £r iC (D) R 

for any 8 : T —> R x under the canonical isomorphism 


A r (D( 5))^A%(D) ® ARinfs R. 


3.3. The verification of the de Rham condition: the trianguline case. 

This and the next subsections are the technical hearts of this article, where we 
prove that our ^-isomorphism defined in Definition 13.71 satisfies the condition (5) 
in Conjecture 12.11 which we call the de Rham condition. In this subsection, we 
prove this condition in the trianguline case by comparing the local ^-isomorphism 
defined in Definition 13.71 with that defined in the previous article |Nal4bj . 

In [ Nal4b j. we generalized the (p-adic) local e-conjecture for rigid analytic fam¬ 
ilies of (<p, T)-modules over the Robba ring, and proved this generalized version of 
conjecture for families of trianguline (<p, T)-modules, (a special case of) which we 
briefly recall now. For details, see [KPX14 J for the general results on the cohomol¬ 
ogy theory of (ip, T)-modules over the Robba ring, and [Nal4bj for the generalized 
version of the local e-conjecture. 

We denote by | — | : Q p —* Q >0 the absolute value normalized by \p\ := 1/p. 
Define topological L-algebras lZ ( T n> ( n = 1) an d R-l by 




&m G 


L, a mX m 


is convergent on 


ICp™ 


1 | ^ \x\ < 1 


and 71 l Un>i R-l^ 011 which <p and T act by <p(X) = (1 + X) p — 1 and y(X) = 

(1 + A") x< h') — 1 ( 7 ' G T). For n2l, we say that M hd is a (<p, r)-module over 7 
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if 7W» is a finite free -module with a Frobenius structure 

<p*M^ ■= M (n) ®^„) ^ n { L +1) ^ M (n+1) := M (n) ®^(n) 7^ n+1) 

and a continuous semi-linear action of T which commutes with the Frobenius 
structure. We say that an 7^-module M is a (tp, r)-module over 7 Zl if it is the 
base change of a ( 99 , r)-module M^ over lZ r " ! for some n A 1. We denote by 
n(M) A 1 the smallest such n, and define := ® („(m)) 7£^ (remark 

that this is well-defined). By the theorems of Cherbonnicr-Colmez |CC98j and 
Kedlaya KeO ll . one has an exact fully faithful functor 

D 1 —y D rig := D^ 7 Zl 

from the category of etale (<p, T)-modules over £ L to that of (</?, r)-modules over 
TZl, where is the largest etale (y?, T)-submodule of D defined over 

£[ := {f(X) G £] J \f(X) is convergent on r A |X| < 1 for some r < 1}. 

For any (ip, r)-module M over 7 Zl, we can similarly define C* (M), Al(M), 
Dfm(M) and etc. as follows. First, we define 


C', 7 (M), C;, 7 (M) and A,.,(«) 

in the same way as in the etale (tp, r)-case. To define A lp(D), we first recall that 
the rank one (ip, r)-modules over 7 Zl are classihed by the continuous homomor- 
pliisms 5 : Q x —> L x , i.e. the rank one (<p, r)-module corresponding to 5 is defined 
by 

n L (5) := TZl^s 

on which p and F act by 

<^( e < 5 ) = 5(p) ■ e$ and j'(es) = <5(x(Y)) • e <5 for 7 ' G T. 


For any (ip, r)-module M over IZl, we also regard det n L M as continuous liomo- 
morphisms det^M : Q x —> L x or detn L M : —* L x by this correspondence 

and the local class field theory. Using the homomorphism det^M, we define 

C l (M), A l>2 (M) and A L (M) 

in the same way as in the etale case. To define Dfm(M) and A we first 

define A^T)-algebras TZfiT) and TZl(T) as follows. Fix a decomposition T 
rtor x Z p and set 70 G T corresponding to (e, 1) on the right hand side. Then, we 
define 


TZ?(T) := Z p [r tor ] ® Zp ([ 70 ] - 1) and 7^ L (^) := Z p [r tor ] <g> Zp 7 ^ L ([ 7 o] - 1), 
where we set 

'y ^ ( [To] — 1) 

m£Z 
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K L (bA - 1 ) : 







and 


K“([7o] - !) := \ £<UM - l) m 6 Kl(M - 1) h 

^ m =o J 

We define a (ip, r)-modnle Dfm(M) over 1Zl®l1Z°£(T) (which is the relative Robba 
ring with coefficients in 1Z^(T)) to be 

Dfm(M) := M® L V,^(Y) 

as an 7^L<8)L7^(r)-modnle on which p and V act by 

p(x®y) := p(x)®y and ^'(x&y) := q 7 ^)®^] -1 • y 

for x G M,y G IZ^ (r) and f G T, By [ KPX14 J. one similarly has the following 
canonical quasi-isomorphisms 

C; 7 (Dfm(M)) 4 C; 7 (Dfm(M)) 4 C;(M) 

of complexes of VJ^ (T)-modules, and it is known that these are perfect complexes 
of 7^(r)-modules. One also has the (extended) Iwasawa pairing 

}o,iw : (M*)^=°>‘ x M^=° -> n L (T) 

by §4.2 of [ KPX14] . Therefore, we can similarly define the following graded in¬ 
vertible 1Z™(T )-modules 

Ai w x (M) := Det w - C r ) (C; 7 (Dfm(M))) 

and 

A i l w (M) := A %{M) B*» (r) (A ij2 (M) ® L ftf(r)) 

(remark that we have A^oo^^Dfir^M)) —» A L p(M) 7£|°(r)), and we can 

similarly obtain a canonical isomorphism 

Ai w (M) ®n™(v) n L (T) 4 (det^ ( r)M^=° <g) L £ L (M) V , 0 )' 1 

using Proposition 4.3.8 (3) [ KPX14 ] (precisely, this proposition is proved under 
the assumption that M/{^> — 1 ) = M*/C 0 — 1 ) = 0, but we can easily prove the 
statement (3) of this proposition for general M in a similar way). 

One can also generalize the p-adic Hodge theory for (p, r)-modules over 1Z L . 
For a held F of characteristic zero and n G Z^ 1; we set F n := F ®q Q(/i p n), and 
set Foo := (J n >i F n . Set t : = log(l + A") G 7 Zl (remark that this corresponds 
to G Bj R ). Set D cris (M) := M[l/f] r . For n A 1, one has the following T- 
equivariant injection 

i n : 7^ n) -G L n [[t}} : /(A) /(C P -exp(f/p n ) - 1). 

Using this map, we define for n A n(M ) 

DJ,,„(M) := M<") L„[[i]], D„,„(M) := D+ tn (M)[l/J] 
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and D dif,oo( M ) : = 1 i^ n ^ n(M ) D dif,n( M ) for * = + or * = </> (the empty set), where 

the transition maps are the maps D^ if n (M) —> D^ if n+ 1 (M) : x ® y t->- <p(x) <S> y. 
Using these, we define 

D dR (M) := D difi 00 (M) r , D dR (M) := (f D + ifi 0 O (M)) r , and t M := D dR (M)/D dR (M) 

for i 6 Z. Using these (and those for M 77 r (/i), where 7 Zl(K) is the Robba 
ring of a finite extension K of Q p ), one can define the notions of a crystalline 
(p, r)-module, a de Rham (p, r)-module, etc. over the Robba ring. In particular, 
for any de Rham M (which is also known to be potentially semi-stable), one can 
define D pst (M) and its associated L-representation W(M ) of 'Wq p , as we usually 
do for a de Rham representation of Gq p . By §2 of [Nal4bj . one can also generalize 
the Bloch-Kato’s fundamental exact sequence 

(17) 0 H° j 7 (M) D cris (M) ^4 D cris (M) © t M ^ K^ M ) 

^ D cris (M*) v © D° R (M) ^4 D cris (M*) v HJ ) 7 (M) 0, 

as in the exact sequence ([3]) in §2.1 for any de Rham M. Using this, one can define 
the de Rham ^-isomorphism 

4 r c (M) : 1 L 4 A l (M) 

for any de Rham M (see §3.3 of [Nal4bj for the precise definition) in the same 
way as that for de Rham V. 

Let D be an etale (p, r)-module over Sl- Then, one has the following canonical 
comparison isomorphisms 

A l (D) 4 A L (Ai g ) 

and 

A l(D) ®a £ (T) 4 A I L w ( J D rig ) 

by Proposition 2.7 |Li08j and Theorem 1.9 of |Pol3j respectively. For V a de Rham 
L-representation of Gq p , one has canonical isomorphisms D dR (U) —> D dR (Z?(V’) rig ), 
D cris (U) ^ D cris (D(U) rig ) and W(V) 4 W(D(V) rig ), etc. and one has 

(18) 4 R C (^) = 4 R c(D(U) rig ) 

under the isomorphism A l(V) A> A L (D(V)) A L (D(V) Tig ) (see [Nal4bj ). by 

which we freely identify the both sides of (1T8|) with each other. 

Let us go back to our situation. Let D be an etale (p, r)-module over Sl of 
rank two. We assume that D is triangulinc, which means that there exist a finite 
extension L' of L and continuous homomorphisms 61,62 ■ Q p —> (7/) x such that 
D r [g ®l L' sits in an exact sequence of the following form 

0 —> 1Z L '(6 i) —y D r i g L' —> 7Zl i {62) —> 0. 
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Since scalar extensions do not affect our results, we assume that L' — L from now 
on. In our previous article |Nal4bj . we defined an e -isomorphism 

: ( r ) 

for any continuous homomorphism 6 : Q* —> L x , and showed that this satisfies 
the same conditions (1), (3), (4) and (5) in Conjecture 12 . II The main result of this 
subsection is the following theorem. 


Theorem 3.10. Under the situation above, one has an equality 

e^(D) ® id K » (r) = 4 w c(KLft)) B £%(«£(«) 

under the canonical isomorphism 

^l(D) ®A*(r) (F) ^ A4 A 1 ™(TZ l (Si)) H A ^(n L (S 2 )) 

which is induced by the exact sequence above 0 —* TZfJSi) — > D rig —> TZl^) —> 0. 

Before proving this theorem, we first show the equality El,((D) = £^ R (.D) for 
trianguline and de Rham D as a corollary of this theorem. 

Corollary 3.11. Let D be an etale (tp, Y)-module over El of rank two which is de 
Rham and trianguline, then we have 

e L ,dD)=ef c (D). 

Proof. Specializing the equality £ 1 l^(D) ® icR^r) = e 1 ^(JZ l [5i)) IE £^.(7?.l(< 5 2 )) 
in the above theorem by the continuous L- algebra morphism fi : IZfffT) —> L : 
[ 7 '] 1 —^ 1 ( 7 ' 6 T), we obtain an equality 

£l,c(d) = £ L p{n L (5f)) ®E LX (n L (8 2 )). 

Then, the corollary follows from the equalities ELpifR-L^i)) = £ iy(^L(^)) f° r 
i = 1,2 (Theorem 3.13 of |Nal4b| ) and eg(D) = 4 R c (L> rig ) = £^ Q {n L {8 x )) IE 
£^ r (7^l( 5 2 )) (Lemma 3.9 of (Nal4bj ). 

□ 


We next prove a lemma concerning the explicit description of the extended 
Iwasawa pairing 

}o,iw: (n L (S)*)* = *’ 1 X n L (6f=° n L ( r) 

for M = IZ L (d). We identify Tl L {5~ 1 ) with 7 Zl(S) v via the isomorphism 
n L (5~ l ) 4 n L {5Y : fe 5 -i ^ [ge 5 ^ fg}. 

Lemma 3.12. The extended Iwasawa pairing 

}o,iw: (n L (syY =0 ' L x n L (dY=° n L ( r) 

satisfies the equality 

{Ai •i ((1 + A) 1 e^-i <E ei), A 2 • ((1 + A^)e5)}o,i w = AiA 2 
for any \ x , A 2 G TZ l (T). 
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Proof. We first remark that the isomorphism 

<g> id^ L (r) : ln L (r) A ! L W (7Il( 5)) ®^(r) ^(r) 

is equal to the one induced by the isomorphism 

d ( (n L (d)) : ft L (T) <g> L L(S) 4 7^(<^=° : A ® e 5 A((l + xy'es) 

and the isomorphism A 1 ” fJZ L (5)) (7Ul(£)^ =0 T(<5) v , O)” 1 . This follows easily 

from the definition of £ l ff(l Ul(£)) given in §4.1 of [Nal4b |. 

Since one has 

4 w f (K L (syy = ew - (r)iC (Dfm (n L (S))*) 

under the canonical isomorphism 

A l Z{n L {5YY 4 A^ (r) (Dfm(ft L (<5))*), 

the isomorphism £7j«>(r),c(Dfm(7£E,(5))*) <g) id-^r) is equal to the one induced by 
the isomorphism 

e c (n L (8)*y : ^ L (r)® i L(<r 1 )(l) 4 (1Z L (S)*f=^ : A®(e*-i® ei ) A- t ((l+X)-Vi® ei ). 

Under the canonical isomorphism 

A l ?(n L (5)) 4 (Ai w (^ L (5)*) t ) v M (n?(T) ® L L( 1 ), 0) 
defined by the Tate duality (see §3.2 of [Nal4bj ). one has 

4 W C - 1 (^l(<5))' 1 = (4Tc(^l(«5)*)‘) v H [e, ^ 1] 

by the condition (4) of Coniecture l2.1l for Dfm(7\U(<5)) (which is proved in Theorem 
3.13 of [Nal4b] ). Using the isomorphisms 9^-i(TZa(S)) and 9^(1Za(S)*Y, we obtain 
from this equality the following commutative diagram of X^(T)-bilinear pairings: 


n L (T) ® L Lid-ytl) x K L (T) ® L L(5) - 

(l®e 5 _i ®ei,l(gie ( 5)i->l(S)ei 

n L {v) ® l l(\) 


e (i (n L [6yyxe i .- 1 (K L (S)) 




> {n L (5yy'=°’ L x n L {sy =0 

{ 5 }0,IW 

«i(r). 


Since one has (1 + X^-i) = (1 + Xy 1 = (1 + A") x , the lemma follows from the 
commutativity of this diagram. 

□ 


Using these preliminaries, we prove the theorem as follows. As we show in the 
proof, a result of Dospinescu [ Doll ] on the explicit description of the action of 

Ws D on Dfff\ which is intimately related with the action of w = ^ ^ on the 

locally analytic vectors, is crucial for the proof. 
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Proof, (of Theorem I3.10j) We first show the theorem when D is absolutely irre¬ 
ducible. Since the canonical map 7Z™(T) —>• TZjfT) is injective, it suffices to show 
the equality after the base change to 1Zl(T). 

By the results in V.2 of [ ColObj . the involution wg D : D ^ =0 —> D ^ =0 (first 
descends to ws D : D^^ =0 , and then) uniquely extends to ws D : 

and the isomorphism 

e i W c(- D )® i ^z.(r) : ^-n L {v) -> A l ff (det 7 e i (r)T , ^“°(8)L^L(-D) V , 0) _1 ) 

is the one which is naturally induced by the isomorphism 


^c(-^rig) : det^r^rig 0 ^(B) ®l ^(Aig) : 

(x A y) n- [cr_i] • {w Sn (x) <g) z v <g) e 1; r/} 0 ,iw ® 2: 


for any 0 G A^Aig)*- By the explicit descriptions of ® i ( -W(r) and 

e^(D) (g) id^ L (r), it suffices to show that the following diagram is commutative: 


^l(5i)^=° ®7e i( r) n L (^=° 
e c ('R. L ( 8 i))- 1 ® 0 ( ('R. L ( 8 2 ))- 1 


x<g>y\-^xAy 


( ^TZ L (r)Df g 0 


e c (D rig ) 


(^l(T) <g) L L(A) ®^ (r) (fti(r) <g) L L(5 2 )) - e -- 10e -- 2 " e -^ Ae - % 7e L (T) <g> L A(A g ). 


Here y G Df=° (resp. e 5a G Ai g ) is a lift of y G TZ L (S 2 )' I ’ =0 (resp. e 52 G 7^ L (h 2 ))- 
By definitions of 6 ^(Al(^)) and 0f(Ai g )j and the 1Z ^(r)-bilinearity of the pair¬ 
ings in the diagram above, it suffices to show the equality 


(19) [ct_i]-{w 5 d (( 1 +X) 1 e 5 1 )<g)(e, 5 1 Ae, 5 2 ) v (g)ei, 5 2 (p) 1 -( 1 +A') V( e <5 2 )}o,iw = 1 - 


Since one has an equality 


^5d(( 1 + W) e ^) — 5i(—1) • (1 + X)eg 1 

by (the proof of) Proposition 3.2 of [Doll] , one also has 

( 20 ) 

ro 5 l 5 ((l+X) _ 1 e 5l ) = hi(-l)-u; ( 5 D (o-_i((l+X)e 5l )) = h D (-l)-hi(-l)-a_i(w < 5 l 3 ((l+X)e ( 5 1 )) 
— A( — 1 ) • 1 ) • <^-1 (^i( — 1 ) • (1 + -^ 0 e < 5 i) = A( — 1 ) • <b( — 1 ) • (1 + X) 1 e ( j 1 

since one has ws D o cr a = 8d(cl) ■ af 1 o wg D (a G Z*). Using this equality and the 
equality ey <g) (e^ Aej 2 ) v = —e^-i in TZ^Sf 1 ) C Df , the left hand side of (TO?]) is 
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equal to 

- M-l) • <Si(-l) • [c_i] • {(1 + A") _ 1 e 5 -i <8> ei, S 2 (p)~ 1 • (1 + X)“V(e j2 )} 0 ,iw 

= — 8d{~ 1) • ^i( — 1) ' [^-l] • {(1 + X) 1 e (5 -i <S> e 1; (1 + A") 1 e < 5 2 } 0i i w 

— ~~ 8 d(~ 1) • <b( — 1) • 8 2 (— 1) • [ct— i] • {(1 + A") 1 e <5 -i < 8 ) e 1? • ((1 + A")e < 5 2 )} 0 ) i w 

= {(1 + X) 1 e (5 -i <8) e 1; (1 + -A)ej 2 } 0) i w = 1, 

where the last equality follows from the equality — 8d(— 1 ) ■ 5i(— 1 ) • 1 ) = 1 

and Lemma [3.121 

When D is not absolutely irreducible, then (after extending scalars L), we have 
an exact sequence 

0 —>■ £l{8 i) —> D —> £l(8 2 ) —> 0 

for some continuous homomorphisms Si,S 2 : Q* —> Of. Then, the involution 
W 5 d acts on £l(<5i )^ =0 (in fact, it acts on any etale (tp, T)-modules), and one can 
directly check that one has W 5 D ((1 + A^e^J) = <5i(—1)(1 + A")e < 5 1 . Then, the 
theorem follows by the same argument as in the absolutely irreducible case. 

□ 

Remark 3.13. In the last paragraph of the proof above, for any exact sequence 
0 —* £r(Si) —* D —* £r(8 2 ) — * 0 of etale (<p, T)-modules over £ R , we show the 
equality 

£rA d ) = ^c(£r(Si)) H 4 W c(^(5 2 )) 

under the canonical isomorphism A l R (D) A T ^ V (£ r (8\)) Kl A^(£r( 5 2 )), which 
shows that our ^-isomorphism satisfies the condition ( 2 ) in Conjecture 12.11 

3.4. The verification of the de Rham condition: the non-trianguline case. 

In this subsection, we treat the non-trianguline case. Fix an algebraic closure L of 
L. We prove the following theorem. 

Theorem 3.14. Let D be an etale (<p, Y)-module over £l of rank two which is de 
Rham and non-trianguline. Assume that the Hodge-Tate weights of D are {0, A;} 
for some k A 1. Then, we have 

n^D{-r){S)) = ef A {D{-r){8)) 

for any integer 0 A r A k — 1 and any character 5 : T —» L with finite image 

We first reduce the proof of this theorem to Proposition 13.15l below by explicitly 
describing the both sides of the equality in the theorem, and then in the last part of 
this subsection we prove this key proposition using the Colmez’s theory of Kirillov 
model of locally algebraic vectors II(Z4) alg of 11(14) and the Emerton’s theorem on 
the compatibility of the p-adic and the classical local Langlands correspondence. 

Many arguments in this subsection are also valid for the absolutely irreducible 
and trianguline case, some of which we need in the next section for the application 
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to a functional equation of Kato’s Euler system. Hence, in this subsection, we 
treat D of rank two which satisfies the following conditions: 

(i) D is an absolutely irreducible etale {ip, r)-module over £ L which is de Rham 
with Hodge-Tate weights {0, k} for some k ^ 1. 

(ii) D cris (Ai g (-r)(5))^ =1 = D cris (R)* ig (r)((5 _1 ))^ =1 = 0 for any 0 ^ r ^ k - 1 

-X 

and any character 8 : T —y L with finite image. 

We remark that the assumptions (i) and (ii) hold for the non-trianguline case since 
one has D cris (Ai g ( — r)(S)) = D cris (D* g (r)(5 -1 )) = 0 for any (r, 5) in this case. The 
condition D cris (T> rig (-r)(5)) ¥,=1 ^ 0 or D cris (R)* g (r)(5 _1 )) ¥,=1 ^ 0 for some (r, 6 ) 
corresponds to the exceptional zero case, for which we need some more additional 
arguments to obtain the (both local and global) similar results, which we will study 
in the next article m- 

Here, we explicitly describe the ^-isomorphism and the de Rham e-isomorphism 
under the above assumptions. To simplify the notation, we assume that a character 
5 as above takes values in L x (of course, the general case follows from this case 
by extending scalars). For any such 8 , we fix an L-basis is = as&s of L oc (5) r in 
such a way that as ■ as - 1 — 1 holds for any 8 . Under the above assumption on the 
Hodge-Tate weights, one has dim/;D) 1R ( Ai g ) = 1 if and only if —[k — 1) ^ i ^ 0. 
We fix a basis {/i,/ 2 } of D dR (Ai g ) over L such that f± £ Dj R (_D rig ). Since we 
assume that D is absolutely irreducible, we have 

Hj, 7 (D„ g (-r)(i)) = Hj, 7 (£> [lg (-r)(<5)) = 0, dim L Hi i7 (D rlg (-r)(i)) = 2 

and the specialization map 

hr* ■ D *~ 1 = -+ Hj,, 7 (D rig (-r)(i)) 

is surjective for any pair (r, 5) as above (since the cokernel is contained in —1 ) 
which is zero by the assumption). Hence, we obtain a canonical isomorphism 

A L ,i(A, g (-r)(5)) 4 (det i H^(A i g(-r)( ( 5)),2)- 1 . 

We also fix a base of jCl(D) = A (A i g ). Since we have 

det L D dR (Ai g ) D dR (det7^ i Ai g ) (^Aoo &d) j 

there exists a unique H £ L£, such that ./) A f 2 — p^e D . 

For any pair (r, 5) as above, we have 

D° R (Ai g (—r)(5)) = Lf 1 ® fe_ r ® f 5 , 


t D I i g (—r)(S) ■= D dR (Aig(-r)((5))/D^ R (Aig(-r)(5)) = Lf 2 ® f e_ r ® f 5 
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where / 2 G A rig is the image of / 2 . Then, the Bloch-Kato’s exact sequence for 
Abecomes as follows 


0 -> D cri ,(B„ g (-r)(<S)) -^4 D cr „(D rlg (-r)(i))e( Ddl( - r)( f) ” P,g> " P > (B rlg (-r)(<S)) 

— D ori ,(D- g (r)(«S- 1 )) v ® D“ R (B, lg (-r)(<5)) A- D crl ,(D- g (r)(r‘)) 0, 

where the map (a) is defined by x H» ({l—ip)x, x) and the map D cris (T)*(r)(h” 1 )) v —* 
Dcris(-D*(^)(^ _1 )) v in ( 6 ) is the dual of 1 — 93 . Since 1 — 93 is isomorphism on 
D cris (A-i g (— r)(<5)) and D cris (T>* g (r)(<5 -1 )) by the assumption (ii), det L H^ 7 (Aig(-r)(5)) 
has a basis of the form y A exp (/ 2 <g) t r e_ r <g) f^) such that exp* (y) ^ 0. Using these 
fixed datum, we define a map 

(21) a M) : D*- 1 H^(B, lg (-r)(i)) L 

by the formula 

exp*(t x -r«5(x)) := a( rt s)(x)fi ® f e_ r <g> f 5 

for x G ZA =1 . 

For x G D^ =1 , we set a :_ r)( 5 := l x - rg(x) G H^ 7 (D rig (— r)(S)). Set 

L(D) : = det L (l - </ 3 |D cris (Ai g )) 

for any D. Under this situation, the de Rham ^-isomorphism e^(D(—r)(S)) = 
£^(U> r i g (— r)(8)) is the isomorphism dehned as the composite of the following 
isomorphisms 


(D(-r)(5)) : 1 L - (Dris ^ - ( ^> A i)1 (R rig (-r)(i)) IE Det L (D dR (Ai g (-r)(<5))) 

A L , 1 (A.i g (-r)(<5)) K A i)2 (A.ig(-r)(<5)) = A L (D rig (-r)(6)) 

where the isomorphisms #i(Ai g ( — ?")(£)) and 0 2 ,c(Aig( — r)(<5)) are respectively in¬ 
duced by the isomorphisms dehned by (for x G A’ =1 such that a^s)(x) ^ 0) 


6*i(Ai g (-r)(5)) : det L H^ 7 (Ai g (-r)(<5)) -4 det L D dR (Ai g (-r)(5)) : x_ r . )5 Aexp(/ 2 ®e_ r <g)f < s) 


1 —y 


1 

(k —• v — 1 )! 



L(D(-r)(S)) 

L(D*(r)(8~ 1 )) 


■ exp*(x-r : s) A (/ 2 <g) f r e_ r <g) f 5 ) 


and 


02,c(Aig(-r)(<5)) : A(Ai g (—r)(5)) ->■ det L D dR (Ai g (-r)(5)) 

1 1 


: e D <8> e_ 2r 


ef-> 


£L(^(Aig(-r)(5)),C) f*-* 
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• e D <8) e_ 2r <g) el 



Hence, using a^g) and fi, the isomorphism r}^(D(—r)( 8 )) := 9 2 ^(D lig (—r)(8)) o 
9 1 (D rig (-r)(S)) is explicitly described as follows: 


(22) r)z(D(—r)(6))(x- rt 8 A exp (/ 2 ® t r e_ r <g> f 5 )) 

1 r! L(D(-r)( 6 )) £ L (W(D lig (-r)(5)), () ' 

~ (k-r-1)1 (-1)" L(D*(r)(d~ 1 )) Q 


■a( r> s)(x)-e D ®e_ 2 r ®ef 2 . 


We next consider the isomorphism el,^(D(— r)(S)). Let 

[-, ] d R : D dR ( J D* g (r)(5- 1 )) x D dR (D lig (-r)( 6 )) -4 L 

be the canonical dual pairing. We remarked in the proof of Proposition 13.41 
that, under the assumption that D is absolutely irreducible, the natural map 
1 — ip : D v;=i —y ZU ’ =0 is injective, by which we identify D ^ =1 with C(D ) (and simi¬ 
larly for D*), and one has ujs d (C(D)) £l(D) v = C(D V ) under the canonical iso¬ 
morphism D Cl(D) w —* D w . By this fact and the definition of 
£L^(D(—r)(S)) is the isomorphism which is naturally induced by the isomorphism 


v' ( (D(-r)( 6 )) : det 1 Hj VI (D rlg (-r)(,5)) 4 C L (D, it (-r)(S)) = ((Le D ®e_ 2r ®ef )T 
dehned by the following formula (for x G UU =1 such that a^ r< s)(x) ^ 0) 


(23) rj' c (D(-r)(S))(x_ rtS A exp(/ 2 ® t r e_ r ® f 5 ))((e D ® e_ 2r ® ef 2 ) v ) 

= ((a-i(uJs D (x) <8> e)) <g) ei)) n5 -i, exp(/ 2 ® f r e_ r ® f 5 )) Ta te 
= — [exp*((cr_i {ug D (x) <8> <g) ei)) ri<5 -i), f 2 <8> t r e_ r ® f 5 ] dR =: (*), 

where the second equality follows from the definition of exp* (see Proposition 2.16 
of |Nal4aj ). Using the canonical isomorphism 

D dR(^ri g ( r )(^ _1 )) = L h ® Vt k e v D ® <8 f<$-i 

induced by the canonical isomorphism D £l(D) w -4- D v , we define a map 


(24) £ M) : D S °W 

by the formula 


-1 2/^U-l(2/®eV<g> ei )) ! \,r-U\ 

-> H UD:Jr)(S x )) -4 L 


exp*((cr_i(y < 8 ) e D ® ei)) r> *-i) := P( r ,8)(y)fi <8 tot'e D ® — yer+i <8 
for y G D Sd ^ =1 . Using the last term (*) in the equalities (123|) is equal to 


(25) (*) = -[fi( r ,s){ws D (i r))/i < 8 ) 0 -^-e r+ i ® f 5 -i, f 2 ® t r e_ r ® f 5 ] dR 

= /Vd)^^))- 

We see from the formulae (|23|) and (125|) that the isomorphism 

rj'^Di-rm : det L H^ 7 (Ai g (-r)(5)) 4 C L (D lig (-r)(8)) 

42 













is explicitly described as follows: 

(26) r]' <: (D(-r)(S))(x- rt s A exp (f 2 0 fe_ r 0 f 5 )) = fi^ 5 fiws D (x))e D 0 e_ 2r 0 ef 2 . 

The formulae (I22|) and (1251) show that the equality e L ^(D(— r)(<5)) = r)(5)) 

follows from the following key proposition. Thus the proof of Theorem 13.141 is re¬ 
duced to this proposition. 


Proposition 3.15. For any x £ D u 1 and any pair (r, 6) such that 0 ^ r ^ k — 1 
and 5 : T —» L x with finite image, we have 


P(V,S)(WS D (X)) = 


r! L(D(-r)(5)) e L (W(D Tig (-r)(5)), () • a 2 


(k-r- 1)! (-l) r L(D*(r)(8~ 1 )) 




' a (r,5) ( 


X 


Of course, we have already proved this proposition for the trianguline case as 
a consequence of Corollary 13.111 In the rest of this subsection, we prove this key 
proposition in the non-trianguline case (the proof is given in the last part of this 
subsection). Our proof heavily depends on the Colmez’s theory of Kirillov model 
of locally algebraic vectors II(.D) als of II(.D) and the Emerton’s theorem on the 
compatibility of the p-adic and the classical local Langlands correspondence, which 
we recall below. Since many arguments below are also valid for the trianguline 
case, we keep the assumptions (i) and (ii) on D at the beginning of this subsection. 


Set G := GL 2 


),B:= 


€G ,P:= 




0 


,P+: = 


._ f^p\ { 0 } 


0 


and Z := 


a 0 
0 a 


a G 


Z given by a K y 


We identify Z with Q* via the isomorphism 


Let us briefly recall the construction of the representation I1(P) of G for an 
absolutely irreducible D of rank two (see [ ColObj for details). Let the monoid P + 


act on D by the rule 


p n a b 
0 1 


■x := (1 + X) b ■ (p n (cr a (x)) for n ^ 0, a £ Z*, b £ Z p 


and x £ D. Using the involution ws D : D ^ 0 °, we define a topological 

L- vector space 


D P 1 := {(z 1 ,z 2 ) e D x D \ w S d ({ 1 - ^)z\) = (1 - <-pfi>)z 2 } 


and an /.-linear map 


: D UI 2d P 1 —> D : (z±, z 2 ) >—> Z\. 

By II of |Col0b| . one can define a continuous action of G on D P 1 with the 

"0 A 

^ gj • (zi,z 2 ) = (z 2 ,z 1 ) and the map Res Zp is 

the topological L-vector space consisting 
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central character 5d such that 
P + -equivariant. We denote by D 















of the sequences (z n ) n ^ 0 such that ijj(z n+ 1) = z n for all n ^ 0. One can define a 
continuous action of P on D IE Q p by 



(^n)nS:0 • (^"a(^'n))n^05 



• (•£n+l)n2:0 


and 

(o b/ f) ' ( ^° := + X)P " 6 ' *"+*))"*> 

for a G Zp, b G Z p and fc ^ 0. 

Take an etale (99, r)-submodule D 0 D over £<9^ such that -D 0 [l/p] = D. 
By [Co 10a] , there exists the smallest 0-stable compact (^[[Xjj-submodules of 
D 0 , which we denote by Dq C D 0 . One also has the largest 0-stable compact 
0L[[X]]-submodule D\ C D 0 on which 0 is surjective. We set Z0 := D^[l/p] and 
:= Hq[1/p], which are independent of the choice of Dq. We note that one has 
Z0 = IT under our assumption that D is absolutely irreducible (Corollaire 11.5.21 
of [ColOa j). One also has (D^)^ =1 = (D^ =1 = D^ =1 , where the second equality 
follows from Proposition 11.5.6 of [ColOaj . Define a sub L[Z?]-modulc D^ P 1 

of D E,5 D P 1 by 


D* P 1 := 


| z e D e 5d p 1 




D^ for all n > 0 


One of the deepest results in the theory of the p-adic local Langlands correspon¬ 
dence for GL 2 (Q P ) is that the pair (D,Sn) is G'-compatible, which means that 
D^s d P 1 is stable under the action of G (Theoreme 11.3.1 of [ColOb ]. Proposition 
10.1 of [CDP14aj ). Finally, one dehnes 

n (D) := D E 5d P 1 /^ P 1 


which is a topologically irreducible unitary L-Banach admissible representation of 
G. 

We next recall in detail the Colmez’s theory of the Kirillov model of the locally 
algebraic vectors n(Zl) alg of fl(Zl). We set Loo[[f]] := Un>i [[£]]• For the fixed 
C — {Cp n }n^i £ Z p ( 1), we dehne a homomorphism 

For V := V(D), we set 

5+ := (V ®„ p B+) H «-, D - (V B) H «* and D+, := (V B+ R ) H « r . 

One has a canonical isomorphism 

-^dif F^dif,oo(-^rig) ®Qp,<x>[[t]] (^c!r) • 

The natural inclusion t 0 : B + B^ R induces a canonical T-equivariant inclusion 

l 0 : D + ^ D+ f . 
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The group B acts on D + , D and D / D + by the rule (for z G D + , D, D/D + ) 

(o a) ' s := i5d (“) z > (V l)' s := 

(o 

for a G Qp , b G Z x , n G Z and c G Q p . 

We denote by 

lp (q;,±D+ t /D+?) 

the L -vector space consisting of functions (f) : Q x —> ^D^ if /D^ if such that the 
support is compact in Q p (i.e. Z x ) = 0 for any sufficiently large n) and 
cr a ((f)(x)) = 4>{ax) for any a G Z x and x G Q x . We equip this space with an action 
of B by 

((o a) := ((o l) ' ^ := 

((o 1 ) ' ^ := ' 00*0 

for a G and b G Q p . Remark that, for a = G Q* such that b G Z p , n ^ 0, 
one has t 0 ([C“]) = C£»exp(af)jE T 00 [[t]] x . 

For z G Un>o v , n( 1 V) fc -P + /-P + (this is a R-stable subspace of D/D + ), define a 

function A G LP (q* , ^5^ if /D+ f ) by 

for x G Q x . By Lemme VI.5.4 (i) of [ColObj . this correspondence induces a B- 
equivariant inclusion 

U LP (q;, 45 d v5 d + lf ) r 

Let us write 

Njf^Aig) := D dR (A, g ) L,[[t]] 

for * = n ^ n( D rig ) or * = oo. We set 

Aoo := N^DVD+^tD). 

Since D+,„(A. g ) = Loo[W]/i®L»[[«]](« l /2). one has 

A'; = (r„[[i]]/«‘£«[W]) 01 C p5 d +,/5+. 
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We denote by 


LP(Q p x ,X-) r 

the 5-stable L-subspace of LP ^Q*, jkD ^/consisting of functions 0 with 
values in X^, in other words, consisting of functions 0 : Q x —» : x t->- 

Eto 1 (fti(x)(xty <g> f 2 such that, for any 0 ^ i ^ k — 1, the function 0* : Q* —» 
is locally constant with compact support in Q p and (fti(ax) = <r a ((j>i(x)) for any 
a £ Zp and x £ Qp . We denote by 

LP c (Qp X ,A-) r 

the 5-stable L-subspace of LP(Qp,X^) r consisting of functions 0 with compact 
support in Qp , i.e. 0j(p ±n Zp ) = 0 for sufficiently large n. 

By Corollaire II.2.9 (ii) of |ColObj . one has a canonical 5-equivariant topological 
isomorphism 

D/D + ^ 11(5) 

(under the assumption that D is absolutely irreducible), by which we identify the 
both sides with each other. We denote by II(5) alg the G-stable L-subspace of 
11(5) consisting of locally algebraic vectors, which is non zero due to Theoreme 
VI.6.18 of [ColObl] . By Lemme VI.5.3, Corollaire VI.5.9 of [ ColObj . one has 

n(D) ‘“ e u -wWwv 

n^O Y V ' 


and the map z e->■ 0 Z defined above induces a 5-equivariant injection 

(27) n(D)*'*^LP(Qyx-) r 

whose image contains LP C (Q X , A"Q) r . Hence, if we write n(5) alg C n(5) aIg for 
the inverse image of LP C (Q* , X^) r , then one obtains a 5-equivariant isomorphism 


(28) n(D)J ls 4 LP c (Q p x ,A'-) r 

We denote by 

LC c (Qp, Loo ) r 

the L- vector space consisting of locally constant functions 0 : Q* — y L ^ such that 
the support of 0 is compact in Q* and that a a ((p(x)) = cp(ax) for any aeZ p x and 
x £ Q x . We similarly define an action of 5 on this space by the rule 

((o a) ' 0 ) (x) := ((o l) ' 0 ) := 0(ax) ’ 


((o ^y-= M bx ) ■ H x ) 

for a £ Q* and b £ Q p , where 0^ : Q p —> is the additive character associated 

to ( (i.e. we define 0^(a) := for a = ^ £ Q p with b £ 7L V and n ^ 0). 
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Let Sym fe 1 L 2 be the (k — l)-th symmetric power of the standard representation 
L 2 of G, i.e. Sym fe_1 L 2 := ffi^Leon which G acts by 

(c d) ' e i e 2 _1_ * := ( ae i + ce2 )*' (^ ei + de 2 ) k ~ l ~\ 

Then, one has a canonical (up to the choice of f 2 ) 5-equivariant isomorphism 


(29) LC c (Q p x ,L 00 ) r ® L Sym fc-1 L 2 4 LP C (Q X , X~) r : 


k-1 

E 

2=0 


i k-l-i 
e l e 2 


!->• 


p > oo 
fc -1 

x (->• 

2=0 


y^(fc - 1 - f)i • <f>i(x)(xty © f 2 


Therefore, as the composite of isomorphisms (125j) and (1291) . one obtains a B- 
equivariant isomorphism 


(30) n (D)fz A LC c (Q p x , L^f ® L Sym k ~ l L 2 . 

We next consider the quotient 

j(n(D) aIg ) := n(D) aIg /n(D) alg . 


Set 


Arab := |J A'ig[l/t] r ", 

n^O 


which is a finite dimensional L-vector space equipped with the action of ip and 
(a smooth action of) T. Then, D is trianguline if and only if Arab 7^ 0. If D is 
trianguline, then dim^Arab = 2 if D is potentially crystalline, and dimAcrab = 1 
if D is potentially semi-stable with N ^ 0 on IV(Aig)- For a locally constant 
homomorphism 5 : Q x —> L x , define an action of <p and T on L(5) := Le$ 
by (^(e^) := 5(p), a a (es) := 5(a)es for a G Z* . If D is potentially crystalline, 
then Arab = L(5i) © L(5 2 ), or Arab is the nontrivial extension 0 —* L(5i) —> 
-Dcrab —> L(Si) —> 0 for some characters Si,5 2 . If we define a 5-action on Arab by 

x := for n G Z,a G Z x , ^ x := 5 -§^-x for be Q x and 

^ x := x for any c G Q p , then one has a 5-equivariant isomorphism 
(31) Arab ©l Sym fe_1 L 2 A J(n(5) alg ) 



by Theoreme VI.6.30 of [ColObj . In particular, D is non-trianguline if and only if 
one has 


n(A alg = n(A alg . 


Using the map 0 i —> <j) z , we define a T —> 




-equivariant map 


h - nio)* 1 * -> x- : * ^ Up-‘)(= 
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for each * 6 Z. 

Set 

x* ~ D+ (in (£> rlg )/«‘N+ te (r> r , g ) A (L n [[t]\lt k L n [[t\\) Lf i 

for each rt ^ n(.D rig ), and set 

X + ®Q P :=l^imX+ 

n 

where the transition maps are the maps induced by 

-TrL n+1 /L n : L n+1 ((t))fi -A L n ((t))fi : ^ a m t m fo i-> ^ -Tr L n+1 /L n (a m )t m fa 

P mgZ m£Z P 


for i 

r4 


= 1,2. Set 5-p := 


p 0 
0 1 


t z i 


! 


-equivariant map 


For each i 6 2 and n ^ n(-D rig ), define a 


<*, : D» Hfo P 1 -> X+ : 2 rt t „(Res z ( S "-‘ • z)) 6 A'+, 


where : D^ g ■—* D^ if n (.D rig ) is the canonical map (remark that we have A C 
D ng by Corollaire 11.7.2 of [ ColOa] ). which also induces a T-equivariant map 

4 : D 1 IEI p 1 ->■ : Z )->• {4,n( z ))n^n(D lig )- 


Let 

<-, -):D*xD->£ L (l) 

be the canonical ^-bilinear pairing. Since we have D^ if n (77i(l)) = L n [[f]]ei, this 
pairing also induces an L n ((t))-bilinear pairing 


( — > — ) ■ D di f !n (Zl* ig ) x D di f !n (Zl r i g ) —y L n ((t))ei, 

by which we identify D+ f ri (.D r * ig ) with Hom Lrt[M] (D+ f n (L) rig ), L n [[t]]e!). Then, us¬ 
ing the canonical isomorphism D(Jj f n (det^, D r[g ) —> Cl{D) L n [[£]], we define a 

canonical isomorphism 

( 32 ) D dif,n(A-ig)®L>C L (L>) v (8LT(l) A D+ f n (D; ig ) : ^ [y ^ z(yAx)e 1 ]. 

Using this isomorphism and the fixed basis 6 Cl(D), we define a pairing 

[ > ]dif • Ddif,n(Aig) X Ddif,ra(-^rig) • (x, ?/) I ^ leS/. ((<T_x(iC ® Qj-) ® 6l),?/)), 


where res^ is the map 

res L : L„((t))ei ->■ L : V a m t m e 1 \ 

„ [vLUpU • v:p. 


Tr L „/ L (a_i). 


[(T a (x),(T a (t/)] di f = 8 D {a)[x,y] dif 
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We remark that one has 





for any a£Z p x . This pairing also induces a pairing 

[-, ~]dif : X n X X n 

and, by taking limits, one also obtains a pairing 

[—, — ]dif : X + IE Q p x —>■ L. 

Similarly, using the canonical isomorphism D Cl(D) w L( 1) —> D*, we 
define a pairing 

D x D L : (x,y) res 0 ((a_i(a; <S> e w D <g) ei), y)) 
using the residue map 

res 0 : £l( 1) —> L : f(X)e 1 i-> Resx=o ' 

This pairing also induces a pairing 

[—, —]pi : DMshP'xDMsdP 1 L : ((zi, z 2 ), (z[, z' 2 )) [z ly z(] + [if^(z 2 ),^(z' 2 )\, 
which satisfies 

\gx,gy] P i = 5r>(det(^))[x,j/] P i 

for any x,y E D P 1 and g E G by Theoreme 11.1.13 of |ColObj . By Theoreme 
11.3.1 of |ColOb] , this pairing [—, —] P i satisfies that (x,y\ F i = 0 for any x,y E 
E, 5 d P 1 and induces a G-equivariant topological isomorphism 

(33) D* P 1 4 n (D) v ® L (S D o det) : x ^ [y E U(D) ^ [x, y] F i], 

where we set n(P) v := Hom™ nt (Il(Zl), L). Moreover, one also has the following 
proposition. 

Proposition 3.16. (Proposition VI.5.12.(ii) of |ColObj ) For any x E P 1 

and y E n(P ))( lg 7 one has 

[z,y] pi = ^2^D(p l )[it(x),ti(y)] di {. 

i&L 

Using these preliminaries, we prove two propositions below fProposition l3.17l and 
Proposition 13. 19H which explicitly describe the maps a^s) and @( r ,8) introduced in 
(l2Tjl and (|24l) in terms of the pairing [—, — ] P i. 

Since D is (assumed to be) absolutely irreducible, one has = D^, and then 
one has a natural P-equivariant isomorphism 

D‘ P 1 4 D> B Q p : 2 (Res Zp ( 9 ; • z )) nt0 . 

Hence, the inverse of the natural isomorphism 

D *=i = (D^ =1 = (DY =1 ^ {D* IE Q p ) 9p=1 : z ^ (z n ) n ^ 0 , 

where z n := z for any n, induces an isomorphism 

(D* E^ P 1 ) 9 ^ 1 4 D^= l : z ^ Res Zj ». 
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For x G D^ =1 , we denote by x G (D^ £3^ P 1 ) 9p=1 the element which corresponds 
to x via the last isomorphism. 

For any m G Z and any (r, 5) such that 0 A r A k — 1 and 5 : T —y L x with 
finite image, define a function 


by 


/(r,i),m€ LP c (Q p x ,X-) r 


f(r,5),m(P ' ®) • 


a a {a 5 1 ■ ilt k 1 r ) ■ f 2 if n = m 

iin^m 


for n G Z and a G Z*. Since we have G D dR (det-^ i D r ig), we have cr a (f2) = 

————- for any aGZ p x . Hence, we have 


cp, an 




• fit 


/c— 1 —r \ 


- _ 5(a) • det.D(a a ) 

J 2 — u 


a s i h2) • (at) 


k—l—r 


f 2 * 


Proposition 3.17. For any x G 1 , m G Z and (r, 5) such that 0 A r A k — 1 
and 5 : T —» L x with finite image, we have 


a(r,5)(x) = &D (p m ) ■ ' (-l) r 5(-l)5 D (-l) • [x,f(r,S),m \pi • 

Proof. Since x is fixed by g p , for any i G Z and n A n(D rig ), we have 
tii,n(x) = L n (ReS Zp ( 5 fp _J • x)) = i n (ReS Zp (x)) = L n (x). 
Hence, we have 

( X ) — (b,n(^))".^«(a rig ) — (^n( x )) n^n{D r : ig ) £ X Kl Q p . 
Then by Proposition 13.161 we have 


[ x i /(r.^.mjp 1 ^ , $d(P ) [(^n(^))ra^n(D r j g ); f(r,8),m(P )]dif 




= Mp m )[(<n(a;))n^n(D rig ),a 5 X -^ fc 1 r -/2]dif = 5 d(p m )[tn(a:),a ( 5 1 -fit fe 1 r -/2]dif 


— 1 r^j.k—1—r 


for any n A n(D rig ). 

For an L[r]-module N, we set H^(iV) := N A / (7 — 1)N A using the fixed A C r tor 
and 7 G T in §2.2. 

By Proposition 2.16 of |!Nal4a] . one has a commutative diagram 


H7(n ig (-r)(i)) -» H;(D d „ i00 (A ie (-r)W)) 


id 


zh-UogixBbM 


* D dR (H rig (-r)(5)), 
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Hi l 7 (Aig(-r)(*)) 













where the upper horizontal arrow is the map defined by [(x,y)] K > [t„(x)] for any 
sufficiently large n ^ n(D r ig ) (which is independent of n). We remark that the 
right vertical arrow is isomorphism since D rig (—r)( 5 ) is de Rham. We have 

[i n (x-r t s)} = [log(x(7)) • <%,5)(z) • fi ® t r e_ r 0 f<s] 6 H* (D difj0O (.D ri g(-r) (< 5 ))) 
for any n ^ n(D r[g ) by definition of Since we have 


^n{x—r,f) 


p — 1 

P 


log(x(7)) • PaMx) 0 e_ r 0 e s ), 


we have 


[i n (x), oig 1 -Q-t k 1 r • f 2 ] dif = ■ [a s ■ a^ S )(x)fit r , a s 1 Tlt k 1 r f 2 }dif 

= • Res L ((a-. 1 (a s a( rjS ){x)f 1 f 0 e w D 0 ei), aJ 1 Slt k ~ 1 ~ r f 2 )) 

= • (-l) r 5 (-l)^(-l) • a M) (x)Res i ((/ 1 r 0 0 e 1; m*- 1 ~ r f 2 )) 

p — 1 

where the first equality follows form Lemma 13.181 below. Hence, we obtain the 
equality 

a(r,S)(x) = -S D (p m ) • ' (-l) r <5(-l)5D(-l) • \x,f(r,S),m] P 1 - 

□ 


Lemma 3 . 18 . For each pair (r, 5 ) as above, the following hold. 

(i) For y ® e_ r ® eg G D d if n (_D r i g ( r)(d)) D d if 5 n(-Drig) 0 £ L( r)(< 5 ), set 


Pa( y 0 e_ r 0 e^) =: y 1 ® e_ r 0 e.5 
(recall pA '■= j^y XLgaM e £[A]). Then we have 

[y,^ 1 ■ nt k ~ 1 ~ r f 2 \= [yiiaj 1 ■ nt k - 1 ~ r f 2 U. 

(ii) For t/®e_ r ®ej6 D dif)n (Zl rig (-r)( 5 )) ; set 

(7 - 1 )(y ® e_ r 0 e^) =: y 2 0 e_ r 0 e^. 
Then, we have 


[2/2, a s 1 ■ Qt k 1 r • f 2 \ = 0. 

Proof. We first remark that, for any x, y G Ddif, n (A-i g ) and a G Z p x , we have 
[x0e_ r 0e,5,y0e_ r 0e 5 ] di f = (-l) r -5(-l) • [x,y\ dii 


[a a (x),y ] dif = S D {a) • [x, cr a 1 (y)] dif . 
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and 










Using these, for y and y\ as in (i), we have 

[yi,&J 1 ■ &t k ~ l ~ r f 2 ] di f = (-l) r • < 5 (-l) • [yi ® e_ r ® e*, aj 1 • nt k ~ 1 ~ r f 2 ® e_ r ® e 5 ] dif 
= (-l) r • < 5 (—1) • \p A (y ® e_ r ® e 5 ), 07 1 ■ SH k ~ 1 ~ r f 2 ® e r ] dif 
= (-l) r • 5 (-l) • [y ® e_ r <8) (_r)(<5) ( a « 1 • Q,t k ~ 1 ~ r f 2 ® e_ r ® e 5 )] dif 

= ( —l) r < 5 (—l)[y <S) e_ r ® e<5, a^" 1 • Vlt k ~ l ~ r f 2 <S> e_ r ® e«s] dif = [y, a* 1 fit fc-1- ’ 7 2 ] d if, 

where we set :=^E ctS a dD(—r)(S) (°~) [ a ] 1 G L[A], and the fourth equality 

follows from the fact that cr^aj 1 ■Qt k ~ 1 ~ r ®e_ r ®e$) = So(- r )(s)( a ) ■ ctj 1 ■ flt k ~ 1 ~ r ® 
e_ r ® e<5 for any a G Z*. 

Similarly, for y, y 2 as in (ii), we have 

[y 2 , a7 1 Ut fc_1_r /2]dif = (-l) r c 5 (-l)[y 2 ® e_ r ® e 5 , a* 1 fii fc_1_r f 2 ® e_ r ® e a ] dif 
= (—l) r ^(—1)[(7 - l)(y ® e_ r ® e<5), ® e_ r ® e 5 ] dif 

= (-l) r 5(-l)[y<g)e_ r <8)e5, ( ( 5 D (_ r )( 5 )(x(7))7 _1 -l)(a' 5 " 1 Of A:_1_r /2®e_ r ®e 5 )] d if = 0. 

□ 


We next consider the map : fPd(p) 7 =i —» L. We first recall that, under the 
canonical inclusions 1 — p : UU =1 <—>• LU =0 and 1 — < 5 d(p) _ V ■ D Sd ^ p ^ =1 <—)• D^ =0 , 
one has ws d (D^ =1 ) = D Sd(j} ^ =1 by Proposition V. 2.1 of [ ColObj . 

Similarly for the case D^ =1 , one has the following isomorphism 

(D* B*,, py P = s D(j>) 4 D s d (pW= i . ^ ^ 


p o 

which induces the commutative diagram (set g p = I q ^ ) , w 

zM-Res Zp (z) 


0 1 
1 0 


g G) 


(. D 1 


z\ — VW' z 


pl\g p =l 


> D^ =1 

Z^Ws D (2) 


(ZUKI u; - jjs D (p)ip =i 

in which all the arrows are isomorphism. For re G D Sd( - p ' ) ^ = x , we denote by 5 : G 
(Z^ B Wi5d p 1 )3p= 5 d(p) the element such that Res Zp (J) = x. 

For any rn G Z and any pair (r, 5 ) as above, define a function 

ft( r ,j), m eLP/ nx 




by 


fo(r,6),m(.P ’ • 


Oa(a,5 • t r f 2 ) = 5 (a) ^ • ( at) r f 2 if n = m 
0 if n 7^ 0 


and for n G Z and aGZ x . 
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Proposition 3.19. For any x € D Sd ^>^ i ; 777 , g % anc l (r,<5) such that 0 ^ r ^ 
/.' — 1 and 5 : V —* L x with finite image, we have 

p — 1 ~ 

fi(r,S) ("^) — ' [■£, ^'(r,<5),m]p 1 ■ 

Proof. By Proposition 13.161 we have 

[x,/l( ri i) iTO ]pi = y: fo(P*) [<■+(£), ^(r,8),mip 1 )]dif = 

Since we have 

4,„ = (Resets” - O = Mri” ■ t™(*) 

for any n =7 n(D rig ), we have 

\x, /i(r,5),m]pi $d(p) [^n^) j Oifit ^ 2 ]dif - 

On the other hand, since we have 

exp*((o\_i(a; <8> <8> ei)) r , 5 -i) = P(r,s)(x)f 1 <8> fi • ® -^-e r+1 <8> f^-i 

by definition of fi( r ,5), we obtain 
M(c-i(x <8> <8> ei)) r?<5 — 1 )] 

= log(x( 7 ))Anh( x )-[ a 7 1 /i®^e^®^ r e r+ 1 Oe ( 5 -i] e H^(D difj 0 O (Zi; ig (r)(h" 1 ))) 
by Proposition 2.16 of [Nal4a]. Since we have 


6 n ((a_i(x( 8 )e^( 8 )ei)) ri 5 -i) = 


p — 1 

P 


■ l°g(\ / (7) )pa (o (<7-1 (z <S> (8> ei ) <8) e r (8) e 6 -i )) 


p — 1 


p 


■ l°g(x(7))PA((-l) r <5(-l) • d D (p) n • cr_ i(i n (x) <8> e^, <8) e r+ i <8) e 5 -i)) 


= (-ir< 5 (-i) w 


p —i 
V 


■ log(x(7))PA(<w(®) ® e D <8) e r+l ® ej-i), 


we obtain 

Ms), ait r / 2 ]dif = (-l) r 5(-l)^(p)- n • • /W*) • [o 5 - 1 0t fc - r - 1 /i, a 5 t r f 2 ]dif 

= (-l) r h(-l)hz)(p) _n -^-Y-/3( ri 5 )(a;)-Res L ((a_i(a7 1 t _r /i®^eD® t ” le i) ! «^ r 72)) 

= ^(p) _n -^3yAr,5)(3;)-Res L ((t _r /i(8)flt fc e^(8)t _1 ei,r/2)) = ~^£>(p) -n -^^-£( r ,*)(aO, 

where the first equality follows from Lemma 13.201 below. By this equality, we 
obtain 


\x, ^(r^^mjp 1 


P 

P — 1 


P(r,t 5 ) (x') i 


which proves the proposition. 
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□ 

Lemma 3.20. For each pair (r, 5) as above, the following hold. 

(i) For y®ef,<g> e r+1 $ e 5 -i G D difi „(L>; ig (r)(5^ 1 )), set 

Pa(v e r+ i ® e 5 -i) = yi ® <8) e r+1 ® e 5 -i, 

then we have 

[y, otst r ff \dif = [yi, ast r f2]dif- 

(ii) For y®efj® e r+1 <g) e s -i G D dif)n (.D* ig (r)(6 -1 )), set 

(7 - l)(y ® ef) ® e r+ i <g) e, 5 -i) = y 2 <8> eb <8> e r+i <g) e 5 -i, 
then we have 

[V 2 , a s t r f2}= 0 . 

Proof. We first remark that we have 

Va(ast k f2 <8> e^> ® e r+ i ® e^-i) = S D *^ s -i)(a)a s t k f 2 e r+1 ® e^-i 

for any aGZ p x 

For y,y\ as in (i), then we have 

[yi,a s t r f 2 ]dif = 8 D (-l)(-l) r 5 (-l)[y 1 ®ef ) ®e r+ 1 ®es-i, a 5 t r f 2 ®ef > ®e r+ 1 ®e s -i}dif 
= <5 D (-l)(-l) r 5(-l)[p A (2/ ® < 8 > e r+ i ® e 5 -i), a s t r f 2 ® e v D <g> e r+ i ® e 5 -i] dif 

= 5r»(-l)(-l) r <5(-l) [y < 8 > ® e r+x ® e 5 -i, p £'‘ W(5_1) (a s t r f 2 ® ® e r+1 ® e 5 -i] dif 

= fe(— 1 )(—l) r 5(—l)[j/®®e^®e r+ i®ei-i,Q! 5 t r / 2 < 8 >e)( ) <g)e r+ i®e, 5 -i] di f = [j/, a 5 t r / 2 ]dif- 
We can also prove (ii) in the same way, hence we omit the proof. 

□ 

Before proceeding to the proof of the key proposition (Proposition 13.151) . we 
prove the following corollary, which is crucial in the proof of the main theorem 
(Theorem I4.5[) in the next section. 

Corollary 3.21. The following maps 

D^ =1 —>■ YI D dR(A-ig (~r)(S)) : x ^ (exp*(x_ r: s))(r,s) 

(r,5) 

and 

( D ’)*~ 1 -► n DSafO-gtatV 1 )) : y ^ (exp*(» r , s -.))( r ,fl 

(r,<5) 

are both injective, where the both products are taken with respect to all the pairs 
(r, £) such that 0 ^ r ^ k — 1 and 8 : T —>• L with finite image. 


54 





Remark 3.22. The statement of this corollary is no longer true when D is absolute 
irreducible and D cris (T) rig (—r)(h )) ¥,=1 7 ^ 0 for some (r, 5) (which corresponds to the 
exceptional zero case), or when D is reducible. In the reducible case, if we have an 
exact sequence 0 —* D\ —> D —* D 2 —» 0 of etale (<p, r)-modules such that D 1 and 
D -2 are of rank one, then the kernels of the above maps contain respectively Df~ l 
and I n the exceptional zero case, we can make the above maps injective 

if we add another kind of dual exponential map 

(i.e. the dual of 

ex P/ : D crys ( J D* g )/(l - <p)~D ciys (D* ig ) -G Hj^RP,)). 

See the next article EH for these cases. 

Proof. We only prove that the first map is injective using Proposition 13.171 since 
the proof for the latter map is similar if we use Proposition 13.191 instead. 

We assume that x G D^’ =1 satisfies exp*(x_ r)< 5 ) = 0 for any pair (r, <5) as above. 
By Proposition 13 .171 and definition of a^s), we have 

\pi f (r,8),m\ P 1 0 

for any (r, 5) and m. Since we have 

n (D)fz 4 LP c (Q p x ,L oc ) r C LP c (Q p x ,I 00 ) r 
and LP C (Q X , L OQ ) T is generated by {f( r ,8),m}(r,8),m as R-vector space, the lift 
x G ( D 15 P 1 )^ 1 4 (n(R) v ®6 d O det ) 5p=1 

of x satishes x| n(D )aig = 0. We also claim that xjn(D) al s = 0, which proves that 
x = 0 since n(R>) alg is dense in n(R>) (since IT(W>) is topologically irreducible), 
hence x = Resz p (x) = 0. 

Hence, it suffices to show this claim. If D is non-trianguline, then we have 
n(R>) alg = n(£>) alg , hence there is nothing to prove. Assume that D is triangu- 
line. Then, we have R> cra b 7 ^ 0 and have a R-equivariant isomorphism R> cra b ®l 
Sym fc_ 1 R 2 —G n(R) alg /n(R) alg . Since we have T| n(D ^ig = 0, the pairing [x, —] P i 

induces [x, —]pi : R> cra b Sym fc- 1 R 2 —> L. Here, we only prove the claim when 
D is potentially crystalline and R cra b is the non trivial extension 0 —> L(S 1 ) —> 
-D cra b —> L(8i) —> 0 for a locally constant homomorphism 5i : Q x —* R x (since we 
can similarly prove it in other cases). In this case, we can take a basis {fi, f 2 } of 
-D C rab such that = Si(p), <^(£ 2 ) = ffi(p)(f 2 + fi). Then, it suffices to show that 
we have 

[x, f i <S> e-je^p 1 ~ J ]pi = 0 

for any i— 1,2 and 0 ^ j ^ k — 1. Since we have 

( (0 1) _ s ^) p ^ • f i ® e i e 2 _1_J = 0 
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and x G (L1(.D) V <E> <5 D (det)) 9p ^ 1 , we have 
0 = x, ^ - S\(p)l^ ■ fi ® e[e k 2 ~ l ~ 3 

= 5d(p) ^ x, fi ® e[e k 2 ~ l ~ 3 - S^p)^[x, fi <g> e^ej _1_:7 ]pi 

= (8d(p) ~ 5i (p)p j )[x, fi e i e 2 _1_,? ]pi- 

Since we have <5o(p) = <5i(p) 2 p fe , we have <5o(p) — ^i(p)p J = ^i(p)F , (^i(p)p fc_ ' 7 — 1), 
which is non zero since, for j = 0, we have 8\ (p) ^ p~ k by the irreducibil- 
ity of D , and, for 1 ^ j ^ k — 1, we assumed that 1 — p is isomorphism on 
D C ris(.D(— (k — j){5))) for any 5 (in particular, for 5 = Hence, we obtain 

[x, fi <g) e{e 2 l j ]pi = 0 for any 0 5= j ^ k — 1. Finally, using the equality 

((o l) “ ' f 2 ® e i e 2 ~ 1_J = 5i(py'fi ® e{e 2 _1_J , 

we can similarly obtain [x, f 2 <8) e{e 2 _1_:; ]pi = 0, which proves the claim. □ 

We next recall the theorem of Emerton on the compatibility of the p-adic and 
the classical local Langlands correspondence. Fix an isomorphism i \ L C. 
Let Tip(D) be the irreducible smooth admissible representation of G defined over 
C corresponding to the Weil-Dcligne representation W(D rig ) ss C of Wq p over 

C of rank two via the unitary normalized local Langlands correspondence, where 
W(D rig ) ss is the Frobenius semi-simplification of W(D 1 . ig ). We remark that, under 
this normalization, the local L- and e-factors attached to W(D rig ) ss coincide 

with those for tt' p (D), and the central character of ^(D) is equal to 

iodet L W(D rig ):Z(^QZ)^C x , 

where we regard det LW(D lig ) as a character det LW(D vig ) : Q* —> L x via local 
class field theory. For our purpose, we need another normalization called Tate’s 
normalization, which we define by 

n p (D) T \= (7 t' p (D) <g> |det|~ 1/2 ) <E) c ,t-i L. 

Then, it is known that tt p (D)j- does not depend on the choice of t, and is defined 
over L. Then, we denote 7 t p (D) for the model of 7t p (D defined over L. Let 
■ Q p —> L x be the central character of 7 t p (D). Since we have detLW(D lig ) = 
det£ L .D • x~ k , then one has an equality 

(34) cu MD) = det L W(D lig ) • | - I; 1 = S D • aT^, 

where we define x l : Q* —» L x : y i—>■ y l for i G Z. Finally, we set 7T™(D) : = 
Ind^((5 • | — |p <g) <5) sm (which is not irreducible) if n p (D) = 5 o det : G —> L x is one 
dimensional defined by a character <5 : Q* — > L x , and n™(D) := 7r p (B) otherwise. 
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Under this situation, one has the following theorem, and the non-trianguline case 
of this theorem is crucial for our proof of Proposition 13.151 


Theorem 3.23. Under the situation above, there exists a G-equivariant isomor¬ 
phism 

(35) n(D) alg 4 7r“(£>) Sym fc-1 L 2 . 

Proof. This is Theoreme VI.6.50 of [Co 10b] for the trianguline case, and Theorem 
3.3.22 of [Em] for the non-trianguline case. □ 

Remark 3.24. The proof of Theorem 3.3.22 of [Em] is done by a global method 
using the complete cohomology of modular curves. No purely local proof of this 
theorem has been known (at least to the author) until now. As we can easily see 
from the proof below, this theorem is in fact equivalent to Proposition [3]T5] Hence, 
our proof of Proposition 13.151 given below also depends on the global method. 


We next recall a formula of the action of w 


0 1 
1 0 


G G on the Kirillov model 


of supercuspidal representations of G following the book of Bushnell-Henniart 
EH]. From now on until the end of this subsection, we furthermore assume that 
D is non-trianguline, which is equivalent to that 7 r™(D) = 7 r p (D) and this is a 
supercuspidal representation of G. By the classical theory of Kirillov model, then 
there exists a R-equivariant isomorphism 


7r p (R)^LC c (Q p ,L 0O ) r 

which is unique up to L x (see, for example, VI.4 of [ ColObj ). Using this isomor¬ 
phism, we can uniquely extend the action of B on LC c (Q p ,L 00 ) r to that of G 
such that this isomorphism is G-equivariant, which we denote by 7r p (g) ■ f for any 
g G G and / G LC c (Q* , L oa ) r . We now recall a formula on the action of 7 r p (w) 
on LC c (Q p , L a o) r using the e-factor associated to 7 t p (D). Decompose L 00 = J| T L T 
into a finite product of fields L T . For any r, fix an isomorphism i T : L r C. For 
any r, let 

£{n p (D) C, s , l t o 0 c ) (s G C) 

be the e-factor associated to 7 t p (D) ®l,l t C with respect to the additive character 
'■ Qp C x . Since (n p (D) C) <g) |det| 1//2 corresponds to W(D r i g ) ®l,l t C 

via the unitary local Langlands correspondence, we have 


e(v t p {D) ®l,l t C, l t o - 0 c ) = e((7 t p (D) C) ® |det| 1/2 , 0, i T o 0 C ) 

= e{W (Dng) C, i t o 0 C ) = e{W (D rig ) ®l L t , 0 c ) <8) 1 G L T c - 

Hence, £L(W(D 1 . ig ), () = D[ T £(hU(Aig) T T) 0 c) e (-^oo) x satisfies the equality 

(36) £ L (W(D r ig),C)®w r 1 = e(7Tp(R)® LilT C, ^,t T o0 c ) 
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for any r. 

For fceZ and a locally constant homomorphism rj : Q* —» L x , dehne a locally 
constant function : Q x —>• L with compact support by 




rj{x) if x G p k Z x 
0 otherwise 


We remark that we have a ■ 1 ■ G].k G LC c (Q x ,L 00 ) r for the fixed f v = a v ■ e n G 
L 0 o(h) r since we have cr a (a v ) = g(a) _1 a r/ for any aeZ p x . 

Under these preliminaries, we have the following formula. 

Theorem 3.25. ( [BH] 37.3) For any locally constant homomorphism p : Q x —> L x 
and any k E Z, we have 

7 r p ( w ) ' i a r) ■ Cn,k) — ' £l(W(D t ig)('// ), C) ■ £ V~ 1 -' w TTp(D),- a (W{D I . ig )(ri- 1 ))-ki 

where a(W(D ]:ig )(p~ 1 )) f/m exponent of the Artin conductor ofW(D tig (p~ 1 )) (see 
[DU73] for the definition ). 


Proof. We first remark that the right hand side in the theorem is contained in 
LC c (Qp,L 00 ) r since we have 

cra(£ L (W(D rig )(7f 1 ),C)) = detz,hU(-D rig )(a) • p(a)~ 2 ■ e L (W (-D rig )(77 _1 ), (f) 
for any a G Z x . Since we have 

£l(W(D T ig)(p- 1 ), C) 1 = £((7Tp(U>) <8 ( 77- 1 O det)) <8 LitT C,^ T o^ c ) 

for any r, the theorem follows from Theorem 37.3 of [BH], 

□ 


We recall that one has a canonical /i-equi variant isomorphism 

n(D)“s = n(B)*'< 4 lp c (q;, A'-) r 

(under the assumption that D is non-trianguline), by which we extend the ac¬ 
tion of B on the right hand side to that of G such that this isomorphism be¬ 
comes G-equivariant. We denote this action by 11(g) ■ / for any g G G and 
/G LP c (Q p x ,X-) r . 

To show the key proposition, we need the following corollary of Theorem 13.251 


Corollary 3.26. For any pair (r, £) such that 0 r ^ k — 1 and 5 : T —>■ L x with 
finite image, we have 


n(w) "hfj.fi'jm 


W e L (W(D lig (6)),Q a 2 s , 

(k - 1 - r)! (W MD) ( P ) ■ p(k-l-r)y(W(D lie m+rn ft /(n5),-«(W(D rig (5)))- 












Proof. We first remark that, under the 5-equivariant isomorphism 


(37) LC c (Q;,L 00 ) r Sym fc-1 L 2 4 LP c (Q p x ,X-) r : 

4>i <g) e\e 2 ~ l ~ l 4[i4(fc-l-i)! - 4>i(x)(xty] ■ f 2 , 




G LC c (Q x Loo) r corresponds to 


■ ® eje* 1 r G LC c (Q x ^oo) 1 (8) L Sym fc L L 


k—1 t 2 


(k — 1 — r) 


Applying Theorem 13. 25l to as ■0- 1 ,m (where we regard 5 : V —* L x as 5 : Q x —> L x 
by 6(p) — 1 and 5(a) = 5(cr a ) for a G Z x ), then we obtain 


1 


(tt p (w) ■ (a s ■ 6 - 1 ,m) ® (w • (eje£ 1 r )) 


(A: — 1 — r)! 

/£, _ jTT^yi" ' ' as ' £ i(^(-^rig(5)), C) ■ ^S-w np ^ D - ) ,-a(W(D lig (S)))-m ® e 2 

£LWAi g (5)),C) 


= 5(cr_ 


T’! 


Of 


i • 


(fc — 1 — r)! (iUtt p (D)(p) • p(fe- 1 -0)“(^(^ ig (5)))+m 


n ■ f\r,5),-a{W(D lis (5)))-mi 


where (we remark that one has W(D rig (5)) = W(D rig )(5) and) the third equality 
follows from the fact that f( r ,s),m corresponds to 




T\ 


• K ■ n) • &. t 


k—l—r^r 

n p (D),m W e i 


by the isomorphism flHTlh 


□ 


Finally, we prove Proposition 13.151 


Proof, (of Proposition 13. 1511 Take x G D^~ l . Take x G (ZA p 1 )^- 1 such that 
Resz p (x) = x. Then, w ■ x G (D^ p ] yjp= s D(p) sa ti s fies that 

Res Zp (in • x) = w 5 d (x) G D 5d ^ =1 . 
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By Proposition 13.171 Proposition 13.191 and Corollary 13.261 then we have 


p — 1 p — 1 

P(r,6)(m D (x)) = - [w-x, /i(ry5),o]pi =- S D (det (w ))• [x, II(w)• h^ S ),o] pi 


p 


p 


(p- 1) • M^-i) • S (o’—i) • r! 


e L (W(D lig (6)),() 


« 


p ■ (k — 1 — r)! 
r! 1 


( W * P (D)(P) ' p( fc_1_r )) a ( M/ l Dri s(' 5 ))) hi 

„2 


f(r,S),—a(W (D r j 




(—l) r (k — 1 — r)! • p( fc_1_r )) a ( M/ ( Dri gPh) 

= (p r )a(^(^ r i g (<5))) . r ‘ ^ £L(W / (Aig(<5)), C) • 


T\ 

(^Tp ' (fc-l-r)! n 

r! 1 £i (VP(A ig (-r)(5)),C)-« 5 2 


C^(r,<5) (^) 

(—l) r (jfe-l-r)! Q 

for any pair (r, 5) as in Proposition 13.151 where the fifth equality follows from the 
equality —— (0 q p /. p (*;-i-r) — P r > and the sixth equality follows from the equality 

. eL (w(D rIg (S))X) = s L (W(D rlg (-r)(S)),0 

which follows from (5.5.3) of |De73] . 

□ 


4. A FUNCTIONAL EQUATION OF KATO’S EULER SYSTEM 

Throughout this section, we fix embeddings too : Q ^ C and t p : Q Q p , and 
fix an isomorphism t : C —* Q p such that l o — t p . Using this isomorphism, 
we identify r(C,Z z (l)) — > r(Q p , Z z (l)) =: Z z (l), and set := {t(exp(^))} n ^i G 
Z z (1) for each prime l. Let S' be a finite set of primes containing p. Let Q,s(C Q) 
be the maximal Galois extension of Q which is unramified outside S' U {oo}, and 
set G<Q t s '■= Gal(Qg/Q). Set c e Gq,s be the restriction by of the complex 
conjugation. For each Z[Gr]- module M and k E Z, we define a canonical Gr- 
equivariant map M(k ) := M Z(27t i) k -A M% p (k) := (.M <g) z Z p ) ®i p Z p (k) by 
x ® (27 n) k hix® (£(p))® fe using the basis E Z p (l). We set M ± := M c=±1 . 

4.1. The generalized Iwasawa main conjecture and the global e-conjecture 

In this subsection, we roughly recall the generalized Iwasawa main conjecture and 
the global e-conjecture. See the original articles |Ka93a] . [Ka93b j and [ FK06 ] for 
the precise formulations. 

Let T be an R -representation of Gq^. We set 

H‘(Z[l/S],r):=H-(C: o „,(G Q , s ,T)) 
for i ^ 0. For each l E S and i — 1,2, we set 

Ag,(T) := A s ,,(T| 0qi ) and A<?(T) := A«(T| G J 
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which are defined in §2.1. Set ct rank^T(—1) + (remark that T(—1) + is a finite 
projective R- module since we have assumed that 2 € i? x ). We define 

Ag,i(T) := Det s (CJ, nt (G«, s ,T))- 1 , A* 2 (T) := (det R (T(-l) + ), ct)' 1 

and 

Aj(T):=A^(T)HA| 2 (T). 

We remark that A S R (T) is a graded invertible P-module of degree zero by the global 
Euler-Poincare characteristic formula. 

In |Ka93a] . Kato proposed the following conjecture called the generalized Iwa- 
sawa main conjecture. See Conjecture 3.2.2 of [Ka93a] or Conjecture 2.3.2 of 
[ FK06] for the precise formulation, in particular, for the interpolation condition of 
the zeta isomorphism. 

Conjecture 4.1. For any pair (R, T) such that T is an R-representation of Gq : s, 
one can define an R-linear isomorphism (which we call the zeta isomorphism) 

z S r{T) : 1r 4 A|(T) 

which is compatible with any base change and any exact sequence and satisfies 
the following: for any pair (L, V) = ( R , T) which comes from a motive M over 
Q with coefficients in L, z[(V) can be described by the special value of the L- 
function associated to V* (under the validity of the meromorphic continuation of 
the L-function and the Deligne-Beilinson conjecture for M). 

Remark 4.2. In the rank one case, Kato (in §3.3 of [ Ka93a] ) defined the zeta 
isomorphism using the cyclotomic units and the Stickelberger elements. In this 
case, the existence of the zeta isomorphism is essentially equivalent to the Iwasawa 
main conjecture proved by Mazur-Wiles and Rubin, and the interpolation condi¬ 
tion of the zeta isomorphism (i.e. the relation with the special values of Dirichlet 
L-functions) is essentially equivalent to the p-part of the Bloch-Kato’s Tamagawa 
number conjecture for Artin motives over Q which is proved by Bloch-Kato [ BK90 j 
(in a special case), Burns-Greither [ BG03 ] and Huber-Kings |HK03 j (in the general 
case). 

We next recall the global e-conjecture. We first need to recall the definition of 
the canonical isomorphism 

(38) A|(T*) 4 B, eS Ag } (T) B A|(T) 

induced by the Poitou-Tate duality. By the Poitou-Tate duality, one has a canon¬ 
ical quasi-isomorphism 

RHom R (C c * onl (G Q , s ,T-),fi)[-2] ^ Cone(C c - onl (G Q , s , T) -0 ® IES C; ont (G Q „T| OQi ))[-l], 

from which we obtain a canonical isomorphism 

(39) 

(A|, 1 (T*)- 1 ) V 4 Det R (RHom R (G; ont (G Q , s ,T*),fi)) 2} B A* ,(T). 
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We next define the following isomorphism 

(40) (A* 2 (T*)- 1 ) v 4 (det R T,r T ) HAl i2 (T) ^4 B,<= S A® (T) E3 A ,% 2 (T), 
where the first isomorphism is naturally induced by the isomorphism 

T + 0 T(—1)+ 4 T : (x, y) ^ 2x + ® C (p) 

and the canonical isomorphism 

T + 4 ((T v ) v )+ = (T*(-l) v ) + 4 (T*(-l) + ) v 

(where the last map is defined by / i —> /|t*(-i)+); and the second isomorphism is 
induced by the isomorphism 

(det rT,t t ) —> K teS Ag 2 (T) 

defined by (the inverse of) the isomorphism 

®iesR ai (T) ® det^T det R T : ( 0 ie 5 ^z) ® y ( JJ^z ) -y 

\ies ) 

for xi G Rai(r) and y G det^T (remark that one has 0z G 5-R a; (T) = R since one has 
f([ ZeS a/(T) = 1 by the global class field theory). Finally, the isomorphism (138|) is 
defined as the product of the isomorphisms (l39j) and (1401) (remark that one has 
(Aij(F*) -1 ) v = A r(T*) since A %(T*) is of degree zero). 

In [Ka93b|, Kato proposed the following conjecture called the global e-conjecture 
(see Conjecture 1.13 of ( Ka93bj or Conjecture 3.5.5 of FKOli .h 

Conjecture 4.3. For any pair (R, T ) such that T is an R-representation of Gq^s, 
the conjectural zeta isomorphism 4(To) : 1r ^ A|(T 0 ) for T 0 = T,T* and the 
conjectural p-adic local e-isomorphism e^ (p) (T) : 1# A r\t), and the l-adic 

local e-isomorphism e^ m (T) : A® (T) defined by |Ya09j for l G S \ {p} 

satisfy the equality 

(41) 4(t-) = h, es£ ® ( , i (t)b4(t) 

under the canonical isomorphism A|)(T*) H, €S A®(r)HA|(T), 

Remark 4.4. In the rank one case and when S = {p}, this conjecture is also 
proved by Kato in § 4.22 of | Ka93bj (and it seems to be possible to prove it for 
the general S case in a similar way). More precisely, he proved that the zeta 
isomorphism defined in §3.3 of Ka93a and the local p-adic ^-isomorphism defined 
in |Ka93b] for the rank one case satisfies the equality in the conjecture above. 
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4.2. Statement of the main theorem on the global e-conjecture. Let k, N ^ 

1 be positive integers. Let /(r) = Yl™=i a n{f)q n £ S , fc+ i(r 1 (iV)) new be a normal¬ 
ized Hecke eigen new form of level N, weight k + 1, where r G C such that 

Im(r) > 0, q := exp(27r ir) and Ti(A^) := < g G SL 2 (Z) g = f J * | mod IV 


Set /*(r) := a n (f)q n ( a n (f ) is the complex conjugation of a n (/)), which is 

also a Hecke eigen new form in S'fc + i(T 1 (iV)) new by the theory of new forms. 

For each homomorphism 5 : Z x —* C x with finite image (which we naturally 
regard as a Dirichlet character 5 : (Z/p n ^) x —» C x (n(S) is the conductor of 5), 
or a Hecke character <5 : Aq/Q x —> C x ), define 


L(f, S,s) 



a n (f)S(n) 

n s 


and S, s) 



a n (f)S(n) 

71 s 


rj>l n=il,(n,p)=l 

These functions absolutely converge when Re(s) >| + 1. The L-function 
L(f,5,s ) is analytically continued to the whole C, and, if we denote by 7 t/ = 
<g)p^ce of qT/> th e automorphic cuspidal representation of GL 2 (Aq) associated to 
/, then it satisfies the following functional equation 


(42) T c (s) ■ L(f, 5, s) = e(f, 5 , s) ■ T c (k + 1 - s) ■ L(f*, S~\ k + 1 - s) (s G C), 

where we set Tc(s) := and s(f, 5, s ) is the global ^-factor associated to i t/ ® 
(<5 o det), which is defined as the product of the local e-factors 


e(f,S,s) = £oo(f,S, s) JJe ; (/,<5,s), 

les 


where, for v G S U {oo}, e v (f,S,s) is the local e-factor associated to the v-th 
component TTf >v <g) (5 o det) with respect to the additive character t/j v : (Qk —>■ C x 
and the Haar measure dx v on Q„ which are uniquely characterized by ^oo(a) : = 
exp(— 2m - a) (a G M), = exp(^P) (n G Z), J z dxi = 1 and dx 00 is the 

standard Lebesgue measure on M. We remark that one has 

(43) £ oc (f,S,s) = i k+1 . 

Set F := Q({^ 1 (°n(/))}n^i) Q <Q>, L := Qp({L p (^(a n (f)))} nil ) Q Qp and 
S := {/|1V} U {p}. Let denote by Op, Ol the rings of integers of F, L respectively. 
For / 0 = /, /*, let Tf 0 be the (^-representation of Gq ; s of rank two associated to 
fo which is obtained as a quotient of the etale cohomology (with coefficients) of a 
modular curve (this is denoted by Vo x {fo) in § 8.3 of KaO 1 h Set Vf 0 = Tf 0 [1 /p]. 
By the Poincare duality of the etale cohomology of a modular curve, one has a 
canonical GQ.s-equivariant isomorphism 


v f -(i )^(v f (k)y, 
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which induces a canonical isomorphism A l ^' s (V)*(l)) W- A^ w,5 ((V/(/c))*). Since 
the sub Ao L -module A[^ S (T) of A l ™’ s (V) is independent of the choice of Gq t s~ 
stable lattice T of V for any L- representation V of Gq t s (because A^ (T) is of 
grade zero), the latter also induces a canonical isomorphism 

A% s (T r (l))^A% s ((T f (k)y). 

Therefore, we obtain a canonical isomorphism 

(44) AjJ s (l).(l))‘ 4 A‘jf((T f (k))r 4 A^tDfmPHAOr), 

where the second isomorphism is dehned in the same way as in the last part of 

§ 2 . 1 . 

We denote by Q(Ao i (T)) the total fraction ring of Ae» L (r). For a Aq l (r)-module 
or a graded invertible A Gi (r)-niodule M, we set 

M q := M ®k 0l (T) Q(Ao L (r)) 

to simplify the notation. Using (the p- th layer of) the Kato’s Euler system asso¬ 
ciated to /o, we define below a (candidate of the) zeta-isomorphism 

%/(27o(r)) : l Q( A 0i( r)) 4 A%f(T h (r)) Q 

for / 0 = /, f* and re Z. 

Before defining this isomorphism, we state the second main theorem of this arti¬ 
cle concerning the global ^-conjecture, whose proof is given in the next subsection. 

Theorem 4.5. Assume Vj\c Qp is absolutely irreducible and D cris (Uy(—r)(5)) ¥,=1 

= 0 for any 0 A r A k — 1 and 5 : T —>■ Q* with finite image. Then, one has the 
equality 

J'jfPMl))* = (AAmW) ® idQIAo^D)) B ?Sf(T,(k)) 

under the isomorphism obtained by the base change to Q(Ao L (T)) of the canonical 
isomorphism 

Ao/(Tf.( 1))‘ 4 B, £S A l of\T,(k)) H A’j/(T f (k)) 

defined by (1381) for (. R,T) = (Aq l (T), Dfm(T/(A;))) and fjTTjl . where the isomor¬ 
phism 

E%f(T,(k)) := z'S um (T f (k)\c Ql ) : U^r) 4 A%?>(T f (k)) 

is the local £-isomorphism defined by Theorem \3. 1\ (resp. [Ya09]) fori = p ( resp.l 
p) for the pair (A 0l ( r),Dfin(T / (fc)| GQj )). 

Remark 4.6. ForM e such that ( M,p ) = 1, we set A^ := C , L[[Gal(Q(/iM P °°)/Q)]] 

and := SU{l\M}. For any O ^-representation T of Gq s(m), we define a A^- 

representation Dfm^ M -*(T) := T ®o L ^o,! i n the same way as for Dfm(T). Then, 
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it seems to be possible to generalize the theorem above for Dfm (M ^(Tj(fc)|G^ (M) ) 
without any trouble. If we try to prove it for general M, we need to slightly gen¬ 
eralize Theorem 12.4 and Theorem 12.5 of [Ka04] . which seems to be easy but 
makes this article longer. Since the present article is already long enough, we only 
treat the M — 1 case. 

In the rest of this subsection, we define our zeta isomorphism z^' (7/ 0 (r)) using 
the p-th layer of the Kato’s Euler system which we recall now. Since the definitions 
for / and /* are the same, we only define it for f 0 — f. 

For an (^-representation T of Gq,s (which we also regard as a smooth Ol ~sheaf 
on the etale site over Spec(Z[l/S'])), we define a Aq l (T)-module 

H'(T) := Hj w (Z[l/p], T) := |mH’(Z[l/p, Cp n ], T) 

nZ 0 

for i ^ 0, where we define for n ^ 0 

H l (Z[l/p,C P -],T) := H| t (Spec(Z[l/p,C p n]), (j’n)*(^1 Spec^ii/fir.c^n]) )) 

for the canonical inclusion j n : Spec(Z[l/S', £ p n]) '—>• Spec(Z[l /p,(p n ])- For V = 
T[l/p], we set H' : (V) := H*(T)[l/p], 

For the eigen form /, Kato defined in Theorem 12.5 |Ka04] an L -linear map 

V, -> H'fV,) : 7 ^ zf(/) 

which interpolates the critical values of the L-functions L(f*, 5, s ) for all <5, whose 
precise meaning we explain in the next subsection. By Theorem 12.4 of |Ka04j . 
H 1 (Tf) is torsion free over Aq l (T), and H^V/) is a free A^(T)-module of rank 
one, and H 2 (T/) is a torsion Aq l (r)-module (and H ‘(Tf) = 0 for i ^ 1,2). The 
restriction map H l {Tf) —> H| W (Z[1 /S\,Tf) induces an isomorphism 

H‘(T / )^Hf w (Z[l/S],T / ) 

and an exact sequence 

0 H 2 (Tf) -4 H, W (Z[1/ S],Tj) -4 ® H? w (Qi,I»->0, 

lGS\{p} 

which follow from (for example! the proof of Lemma 8.5 of |Ka04]. Since HjL (Q i,T) 
is a torsion Aey (T)-module for any l by Proposition A.2.3 of |Pe95] . Hj w (Z[l/S'], Tf) 
is also a torsion A©, (P)-module by the above exact sequence. By these facts, we 
obtain a canonical Q(Ae> L (r))-linear isomorphism 

(45) Ag^CZXr)), 4 (H'(7)(r))Q, 1) 

for r = 0. For general r G Z, we also dehne the isomorphism above induced by 
that for = 0 using the canonical (not Ao i (r)-linear) isomorphism 

H \T f ) 4 H l {T f (r)) : z z(r) 
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which is induced by the isomorphism 

Tf®o L Aojr) T f (r) ® Ql A 0i (r) : x ® y t-G (x ® e r ) ® g x r(y) 

dehned in the same way as in the proof of Lemma 12.81 
For each l G S \ {p} and r G Z, we set 

L?l(T, (r)) := det AOi , r ,(l- W |Dfm(T / (r))'-) = 1-a, (/)■(-•>(] 6 A 0i (r)n(?(A 0i (r))* 

(remark that Dfm(T/(r)) /; = Tj‘(r) ®o L Ao t (r) is free over Ao i (r)), where the 
second equality follows from the global-local compatibility of the Langlands cor¬ 
respondence proved by |La73j . [ Ca86j . 

Denote the sign of (—l) r by sgn(r) G {±}. Set A ± := {A G A 0i (r)|[cr_i] • A = 

±A}. 

Using these, we dehne an isomorphism 

%/OW) : l Q(Aoi(r) ) 4 A?/(T / (r))g 
which corresponds to the isomorphism 

Or(f) : 4 (H \T f {r)) Q ,l) 

dehned as the base change to Q(A c > i (r)) of the (r)-linear morphism 
(46) 

0r(/) : (Dfm(T / (r))(-l))+ = T}^ r - 1 \r-l)®o L A + ®T}^ r \r-l)®o L A- H 1 ^)) 

(7<8)e r _i<g)A + ,7 / (8)e r _i(8)A _ ) i-> II i 2(r / -(l+*-'))‘-(A + '(z('»(/)(r))+A-.(z 7 y(/)(r))). 

ieS\{ P } 

where we set A 1 := i(A) for A G Q(A L (r)), and the fact that the base change to 
Q(Ao L (r)) of this morphism is isomorphism follows from Theorem 12.5 of [Ka04j . 

4.3. Proof of Theorem 14.51 In this subsection, we give a proof of Theorem 
14.51 We first precisely recall the interpolation property of the Kato’s Euler system 
which is so called called the explicit reciprocity law (Theorem 12.5 (1) of [ Ka04j ). 
which is crucial in our proof of the theorem. 

Using the comparison between the Betti and the etale cohomologies, one has a 
canonical C^-lattice T/,e> F of Tf which is stable by the action of Gr(C Gq t s)- Set 
Vf t F ■— Tf,o F ®o F F, which is a Gm-stable F-lattice of Vf. Using the comparison 
theorem in the p-adic Hodge theory, oen has a canonical F-lattice S(f) — F ■ f of 
DJr(V» = D‘ R (V». 

By the theory of Eichler-Shimura, one has a canonical F-linear map 
per/ ■ S(f)^ V/,c := V ftF ® F>loo C. 

For each pair (r, 5) such that 0 A r A k — 1 and 5 : T —>■ Q x a homomorphism 
with finite image (which we regard as a homomorphism with values in C x or Q* 















by the fixed embeddings or i p ), we set Vf(k — r)(S) := Vf(k — r) Q p (< 5)> and 
define an L-linear map 

(47) H^V/) -4 D» R (V)(fc - r )(S)) = L(f ® ~e t . r ) ® L (Q r , 00 (<5)) r 

as the composites of the following morphisms 


H 1 ^/) 


H L( 


»v,) 


S P x k-r. St t t 1 / 


4 H 


'vi-i, — ^ p ,V f (k-r)(S))^B° dR (V f (k-r)(S)), 

For 7 G Vf t p, we decompose 7 = 7 + + 7 “ such that y 1 * 1 G Vp F . For each (r, 5) 
as above, we denote by sgn(r, 5) G {±} the sign of <5(—1)(—l) r . 

Under these preliminaries, the interpolation property of ztf\f) can be described 
as follows. By Theorem 12.5 (1) of [Ka04] . the image of z^\f) by the map (1471) 
is contained in the sub F-vector space 

F (f ® Jz; e k-r) ®Q (Qoo(5)) r 


of D dli (Vf(k — r)(<5)), and is sent to 
(48) (2vrf ) fc - r - 1 • L {p} (f*, 5~\ r + 1) • e 

by the injection map defined by the following composite 


sgn(k—r— 1,(5) 
C 


Perjr* r,5) : F(f 9 ^e fc _ r ) ®f (Qoo(<5)) r ->■ V f , t 


-4 u; 


sgn(/c— r— 1,5) 


/,C 


where the first map is defined by 


(/ ® -^k—r^ k ~ r ^ 


(52 b i®Cie s )^ looiY^ 6 *c i )per / (/) 


iei 


iei 


for bi G Q, q G Q(Cp°°)(® Q), and the second map is the canonical projection 
V f ,c -»■ V^ c : a; t-4 §(x ± c(z)). 

From now on until the end of the article, we assume that Vf\c Qp is absolutely 

irreducible and D cris (U/(—r)(5)) ¥3=1 = 0 for any 0 ^ r ^ k — 1 and 6 : V —y Q* 
with finite image. 

Under this assumption, we next reduce Theorem 14.51 to the following Theorem 
14.71 below concerning the equality of the two elements in Df*( 1)^ =1 respectively 
defined by using zty\f)(k) and Zy ) (/*)(1). We denote by Df 0 the etale (ip, T)- 
module over £ p associated to Vf 0 \c Qp for /o = /,/*■ By the following canonical 
morphisms (for r G Z) 

H'tU.W) ^ H} w (Q„V /0 (r)) 4 D h (r)*~ l ^4 D/o (r)*=", 

we freely regard z^(/ 0 )(r) as an element in these modules. 

Fix an Op-basis y 1 * 1 of Tp 0p for each ±, and set 

7 : = 7+ + y g T Wf and f 7 := (y sgn(fc) e fc ) A (y^-De*) G det OF T fi o F (k). 
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We define the basis 7 ^ of Vp F such that { 7 +, 7 * } is the dual basis of { 7 sgn( ^e fc , 7 sgn ( fc b efc } 
under the canonical F-bilinear perfect pairing 


Vf*'F x Vppfik') —y F 

induced by the Poincare duality. We also set 

7 * := 7 + + 7 *" G Vf >F . 

For each l e S \ {p}, set 

4'kWW) ■■= eos> L (T f (k )| OQ ,,C®) e (.0 L ): inm 

the £ 0 -constant associated to the triple (Op, Tf(k)\c Q , C^) defined by [ Ya09] (see 
Remark 12,3j) . Using the canonical isomorphism 


®ies{OL)ai(T f (k)) -> Ol '■ 

les 

we define 

£ 0 ■= ®ZeS\{p} £ 0,Oi, (^7(^)) _1 G (®l^p£s(0 L ) ai (T f (k))- 0 X = ( C, i)a p (T / (fc))' 
Using this, we define a basis 


e 7 f 7 (8) £0 G £o L (Tf(k)) - det o L T f (k) ®o L ( 0 L ) ap{Tf (k ))• 

For l e S' and an L-representation U of Gq^ such that U|g Qp is de Rham, we 
denote by a®(V) the exponent of the Artin conductor of W(V\g Q i ) defined in 
8.12 of [ De73j , and set L W (U) := det L (l - <^|D cris (U| GQ; )) e L and £ F \v) := 
£i(lU(U| GQi ), C^" 1 ) £ A 005 which we also regard as elements in C by the injection 

L C Q p 1—* C and the projection L ^ = U<S)qQ(C p °°) —>■ C : a® b 1 —>• t _ 1 (a) • ioo(b). 


Theorem 4.7. Under the situation above, one has the equality 


n 

ieS\{ P } 


\ }-aU(V s (k)) 

- ( w s Df(k) {z?(f)(k)) <8> e 7 ® ei) = -- (p) 


det L (—^VKAO'O v ~° D / (fc)V " 


^(/*)(!) 


under the canonical isomorphism 


VSn^iDfW*- 1 ) ®L C L (D,(k)n 1) 4 (ZW)*- 1 A Brfl)*- 1 , 

where the first isomorphism is defined in $3 and the second one is induced by the 
canonical isomorphism Df(k)* —y Df* (1) defined by the Poincare duality. 


W-i] ' z< pl(f) = T z 7 ±(/) 
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Remark 4.8. Since one has 







(and similarly for z ^±(f*)) by Theorem 12.5 of Ka() 1 . the equality in the theorem 
above is equivalent to the equation 


N -<‘>ww> 

ii\i) 


• [ff-i] ' (™s D , m Oy (/)(*0) ® < ® 


e l 


±4 } (/*)(!) 


for each (f, 7 (, ±) e {( 7 sgn(fc) , 7*", +), 7 +, -)}. 

Before proceeding to the proof of Theorem 14.71 we first prove Theorem 14.51 using 
this Theorem (as can be easily seen from the proof below, Theorem 14.71 is in fact 
equivalent to Theorem 14.5)1 . 


Proof, (of Theorem 14.5p We first explicitly describe the base change to <5(Ao i (T)) 
of the /-adic ^-isomorphism 

e"M(T f (k)) : l Aoj .(r) 4 (T f (k)) 

for l E S \ {p} which is defined in [Ya09j (and Remark 12.31) . We first remark that, 
if we set eJofP/tfc)) := £o,A 0l (r)(Dfn'(T/(A:))| a!| ,<< i >), then we have 

(49) $£(T,(k)) = [^“(WD+dmuW)'. . 4‘) 0i (T,(fc)) 

since one has 

(50) e 0 ,Q J ,(V>(fc)(<S)| CQt ,C ( ' ) ) = i(<r i )- ( « 1,| W(‘))+ a ■ E V OL (T,(k)) 

for any continuous homomorphism <5 : T —>- Q* by (5.5.1) and (8.12.1) of [De73j . 
Since HJ W (Q/, Tf{k)) is a torsion Ao L (r)-module for any i by Proposition A.2.3 of 
[Pe95] . we have 

A Oi!i ( T f( k ))Q = lg(Ao L (r))- 

Then, the base change to Q(Ao L (r)) of the isomorphism l* 0l (r) 4 A %fl(T { (k)) 
defined in Remark 12.31 is explicitly defined by 


(51) 1q(a 0l ( r)) ^ (T f (k)) Q - 1q(a 0l (t)) : 

1 det A 0£ (r)(l ~ ^~ 1 | D fmjTfjk)) 1 ') = det L (-y? ; ~ 1 lb7 Ji (fc)) _ L^(T f (k)) 
^ det Aoi( r)(l — </5i|Dfm(Tj(l)) /; ) t t£(7>(1)) 1 ' 


(^■C> L (r))a i (Dfm(T)) — (0 L ) ai (T) ®O l Ao L (b) 
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Since we have 





















for any O ^-representation T of Gq 1 , (U9|) and (T3T]) imply that the base change to 
Q(Ao Z/ (r)) of s l Q^ l \Tf(k)) can be explicitly defined by 


(52) 1q(a 0 (r)) -> f\T f (k)) Q - A$ JT f (k)) ® 0l Q(A 0l (T)) 


1 ^ £ o!o L ( T f(k)) ® 


h]“ W (' , '(‘) ) L\ 2(T/W) 


deti(-w|V/‘(fc)) L { H(T,.(i)y 

Using this explicit expression, we prove Theorem 14.51 as follows. 

To show the theorem, it suffices to show the following diagram of Q(Ac> i (r)) 
linear isomorphisms is commutative: 

(53) 

v (“) 


Dfm(T / (fc))(-l)+ ® q ^ 0l( v)) (Dfm(T / .(l))‘(-l)S) 

©fe(/)®((©i(/*)‘) _1 ) v 

H \T f (k)) Q ® Q( A OL( r)) (^(^*(1))^) v 


> (det AoL (r)Dfm(T / (fc))) Q 
(c) 


( 6 ) 


-0 detQ( Ao ( r))H I 1 w (Q p , T f {k)) Q . 


Here the arrows (a), (b) and (c) in the diagram above is defined as follows. 

First, the isomorphism (a) is the base change to <5(A ( p i (r)) of the canonical 
isomorphism 


(54) Dfm(V>(fc))(-l)+ ® Ai(r) (Dfm(C / .(l))‘(-l) + ) v -> (detA l(r| Dfm(V)(*0)) : 

( A + 7 .g»(»-i)e l ._ 1 +Ar . 7 . S oW et _ I )g,(A+ l ( 7 +) v + A 2 -. l ( 7 -) v )^(Ar-A 2 --A+-A+)-f 7 

for A f G A ± (i = 1, 2) (remark that we have ( 7 +) v = 7 sgn U) eA ,, ( 7 ~) v = 7 sgn l fc_ 1 )e fc ). 

The isomorphism (b) is the isomorphism naturally induces by the short exact 
sequence 

(55) 0 -0 H \T f (k)) Q -G Hj w (Q P ,T f (k)) Q -G -► 0, 

which is obtained by the base change to Q(A c > i (r)) of the Poitou-Tate exact se¬ 
quence for the pair (Ac> L (T), Dfm(T/(/c))) (and the Ao Z/ (r)-torsionness of Hj w (Z[l/S'], T/ 0 (r)) 
for /o = /, /*, r G Z, and that of Hj w (Q*, T f {k )) for l e S \ {p}). 

Finally, the isomorphism (c) 

(det Az/( r)Hj w (Q p , Vf(k)))q 4 (det Ai(r )Dfm(U / (A:)))Q 


is defined by sending (x A y) <g) A for x,y e Hj w (Q p , Vf(k)) Df(k)^~ l , A G 

<9(Ao L (r)) to 


A • {[(r-i](w SDfW (x) ® e* ® ei),;?/} Iw • JJ 

l£S\{p} 


[ ai ] aW (Vf{k)) 
det L (—tfi\Vj l (k)) 


7SP/ML.f 
d 2 (i>-(i))‘ 7 


(remark that here we use the definition of e 

description (l52]l of e l Q^ l \Tf(k)) for G S \ {p}). 
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(Tf(k)) given in §3 and the explicit 











By definition of these maps, the commutativity of the diagram (153]) is equivalent 
to the equalities 


n 

ieS\{ P } 


[t7/] o( 0 W fc )> 

det L (-<pi\Vf l (k)) 


{[a-iKw^ ) (z { ft(f)(k))®e)®e 1 ), (z^(/*)(l)) v }i w = ±1 


ip). 


°Of(k) 


for each ( 7 ', 7 ', ±) E { (7 sgn(fc \ 7^ , +), (7 sgn ^ _1 \ 7^, —)}, where we denote by y E 
Hj w (Q p , T f {k)) Q a lift of y E (H 1 (Tj*(1 ))q) v by the surjection in (1551) . This equal¬ 
ity follows from Theorem 14.71 and Remark 14.81 

□ 


Finally, we prove Theorem 14.71 

Proof, (of Theorem 14.71) In this proof, we freely use the notations which are used 
in §3.3. To simplify the notation, we set D := Df(k). We identify D* —> Df*( 1) 
by the canonical isomorphism induced the Poincare duality. 

Applying Corollary 13.211 it suffices to show the equality 


(56) 


n 

ies\{ P } 


(,T • <5(cr;) _ 1 ) a( ° ( bf (fc)) 
det L (-(pi\V f (kyi) 


exp*((ws D (z < f > \f)(k)) <g) ® e^-i) 

= —exp* ((z^ (/*)(!) ) r , 5 - 1 ) 


in Dj R (D*(r)(h -1 )) for all the pairs (r, 8) such that 0 ^ r ^ k — 1 and 8 : T — > Q* 
with finite image. 

Take any pair (r, 5) as above. We first remark that we have 


(57) D^U^rXr 1 )) = D° R (R r (l + r)(r 1 )) 

= Q P • f* ® ^e 1+r ® fg-i C Q Pi00 • /* ® ^e 1+r ® e 5 -i, 

and also have 


(58) D ° dR (D(-rm = V° dR (Vf(k)(-rm 


= Q v'f 


1 


Qk—r ^ f(5 


•/ 


J ^ j-k-r K ~ r ^ 0 — ^P,oo J ^ j. k _ r 

By the interpolation property (148|) of z^(/*), if we set 
Ml 


&k—r . 


Gi_|_ r C 8 ) 65—1 , 


exp*((z^(/*)( 1 ))r, 5 -i) =: a(r,g) ■ f* ® ^e 1+r ® ea -1 E Q p>00 ■ f* ® ^ 
then we have a^s) E and 

perjl +1 ’^ '\afr_s) ■ /’® j4_e 1+r ® e { -i) = ( 2 ?ri) r ■ L tpi (f,S, k - r) . 

=: a<r,j) ■ 7?”'^-). 


71 


















1 


By (148|) for z^\f), if we set 


exp*((z (P\f)(k)))_ r:5 ) = b {r:5) ■ f ® e fc _ r ® e 5 e Q Pi00 • / ® e fc _ r ® e 5 , 
then we have 6( r ^) G and 

perf~ r,5 \b {r}S) ■ f®^e k _ r ®e 5 ) = (27ri) fc_r_1 • L {p} (/*, 5 _1 , r + 1) • 7 sgn(fe_r_1 ’ 5) 

= : /3 (r!< 5) • 7 sgn ( fc - r_1 ’ 5 )- 

By Proposition 13.151. if we set 
(59) 

exp*((ws D (z { P\f)(k)) ® ® ei) r ,*-i) =: c M) • / ® ® ■ fc+r+1 e fc+r+i ® e 5 -i 

e D(j R (D*(r)( ( T 1 )) C Q Pi00 • (/ ® ^e fc ) ® t fc e^ ® ^e r+1 ® e*-i, 

then we have 

■5(-l)(-l) r r! i^>(V>(fc - r)(5)) >)( 


c (r,5) 


•4 W (V/(fc-r)(h)).fe M) 


(k — r — 1)! (-l) r LhO (V/* (1 + r) (<5 -1 )) 

• ^(r,S) * b(r,6) 

(remark that we have 

( w 5D( Z 7 P) (/)(^))® e 7® e i)r,5-i = <5(-l)(-l) r -([cr_i]-(w < 5 i:) (z( r p) (/)(A:))(g)e^(g)e 1 )) r . i( 5-i). 
Therefore, it suffices to show the equality 


(6°) n 


ies\{ P } 


det L (— ipi\V f (k)k) 


d(r,8) ' fd(r,5) ' A 


sgn (k-r-l,S) ek ® e V 


■«(r,r7: gn(r ' rl) - 


Remark that 7 sgn ( fc ^e fc ® (resp. y sgn ( fc be*. ® f^) is sent to — 7 * (resp. 7 J 
under the canonical isomorphism 

Tf,o F (k) ®o F (deto F (P/,e> F (fc))) v —> Homo F (T/ i o F (A;), 0 F ) —>■ T/*,o F , 
where the first isomorphism is defined by 

a: ® (-)■ [y {^(y A x)], 

and the second isomorphism is defined by the Poincare duality. 

Hence, we obtain 

7 sgn(*— r -l,d) ejfc ^ e V = (-1 1 • 
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Therefore, the equality (15U1) is equivalent to the equality 

■v—r (I r ■ 8(n ') — !') 

(61) h(-l)(-l) r - ^O 1 ' d (r,6) ■ P(r,5) = ~«(r,5)- 


«€S\{p} 


det L (-ipi\Vf(kyt) 


Since we have 


(r ■ i(a I )- 1 )“ <0 <>'/W) _ (i) (v ■ i( ff| ))-(» l ‘>o'/W)+ji..uv7 W ',) _ (I) 

deta-wlnf*)' 1 ) 0 ’ Oil deta-wlU^-r-JWO 


4!l(VA>= - r)(6)) 


= sf(V f (k-r)(S)), 


det L (-<p,\V f (k-r)(Sy') 

the left hand side of (16TT) is equal to 
(62) 

(~ 1 ) r - r! TT + fR (k-r)(S)) L(p) (^/(fe- 0W) (27Tj) k-r-i r (r r -1 , n 

(fc_ r _l)!'ll e i r ^ "L(p)(V/* (r + l)(h“ 1 )) ^ > r + !)• 


i&s 

Since we have 
(/c — r — 1)! 


(2ir; 


k—r 


■L{f,8,k-r)=i h+1 -J[e l tf,8,k-r)- 


i&s 


(2,r) 


r+1 


• LC/VV + I) 


by evaluating at s = k — r of the functional equation (H2D of L(f, 5, s ) and the e- 
and L-constants for Vf correspond to those for 7Tj by the global-local compatibility 
( |La73j . [Ca86j| for l ^ p, and [ScQOj . jSa97j for l — p), the value (152]) is equal to 


:-l Y ■ (.2*)“ ■ LW(Vf(k - r)(6)) 
i r+2 ■ (k — r — 1)! 


(i k+1 -Held,*, k- 
\ l€S 


T\ 




r+1 


■L(/*,r\r + 1) 


C-l)' ■ (2ir)‘ • LV*(V,(k - r )(*)) f(k- r-1)! 

\ fc — f \ J ? ? / 


i r+2 ■ (k — r — 1)! 


(2ir) 


i-i)’ 
? r + 2 


• (27+ • L {p} (f, 8 , k —r) — -(2tt+ ■ L {p} (f, S,k-r) = -at( r ,8), 


which shows the equality (j6Tj) . hence finishes to prove the theorem. 


□ 
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